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Abstract

We consider testing for weak instruments in a model with multiple endogenous
variables. Unlike Stock and Yogo (2005), who considered a weak instruments prob-
lem where the rank of the matrix of reduced form parameters is near zero, here
we consider a weak instruments problem of a near rank reduction of one in the
matrix of reduced form parameters. For example, in a two-variable model, we con-
sider weak instrument asymptotics of the form 7; = d72 + ¢/y/n where 71 and 72
are the parameters in the two reduced-form equations, ¢ is a vector of constants
and n is the sample size. We investigate the use of a conditional first-stage F-
statistic along the lines of the proposal by Angrist and Pischke (2009) and show
that, unless § = 0, the variance in the denominator of their F-statistic needs to be
adjusted in order to get a correct asymptotic distribution when testing the hypoth-
esis Hy : m1 = dme. We show that a corrected conditional F-statistic is equivalent
to the Cragg and Donald (1993) minimum eigenvalue rank test statistic, and is
informative about the maximum total relative bias of the 2SLS estimator and the
Wald tests size distortions. When § = 0 in the two-variable model, or when there
are more than two endogenous variables, further information over and above the
Cragg-Donald statistic can be obtained about the nature of the weak instrument
problem by computing the conditional first-stage F-statistics.
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1 Introduction

Following the work of Staiger and Stock (1997) and Stock and Yogo (2005), testing for
weak instruments is now commonplace. For a single endogenous variable model, the
standard first-stage F-statistic can be used to test for weakness of instruments, where
weakness is expressed in terms of the size of the bias of the IV estimator relative to that
of the OLS estimator, or in terms of the magnitude of the size distortion of the Wald
test for parameter hypotheses. Stock and Yogo (2005) tabulated critical values for the
standard F-statistic that have been incorporated in software packages.

For multiple endogenous variables, inspection of the individual first-stage F-statistics
is no longer sufficient. The Cragg-Donald (1993) statistic can be used to evaluate the
overall strength of the instruments in this case, and Stock and Yogo (2005) have tabu-
lated critical values of the minimum eigenvalue of the Cragg-Donald statistic for testing
weakness of instruments. They derive the limiting distributions under weak instrument
asymptotics where the reduced form parameters are local to zero in each reduced form
equation, and obtain critical values that are conservative in the sense that they are re-
jecting the null of weak instruments too infrequently when the null is true.

In this paper, we are interested in analysing tests for weak instruments in a model with
multiple endogenous variables in a setting where the reduced form parameters are not
local to zero, but where the reduced form parameter matrix is local to a rank reduction
of one. In this case, the values of the F-statistics in each of the first-stage equations can
be high, but the identification of (some of) the model parameters is weak. We will focus
initially on a model with two endogenous variables. The weak instrument asymptotics

we consider are local to a rank reduction of one, of the form

7 = 67y + ¢/+/n,

where 7 and 7y are the parameters in the two reduced-form equations, ¢ is a vector of



constants and n is the sample size. We call these asymptotics LRR1 weak instrument
asymptotics.

We will focus solely on the properties of the 2SLS estimator. We investigate the
use of a conditional first-stage F-statistic along the lines of the proposal by Angrist
and Pischke (2009) and show that the variance formula in the denominator of their F-
statistic needs to be adjusted in order to get a correct asymptotic distribution when
testing the null hypothesis, in the two-variable model, Hy : m; = dmy. We further
show that the resulting new conditional F-statistic is equivalent to the Cragg-Donald
minimum eigenvalue statistic. Using our weak instrument asymptotics we show that this
conditional F-statistic cannot be used in the same way as the Stock and Yogo (2005)
procedure for a single endogenous variable to assess the magnitude of the relative bias of
the 2SLS estimator of an individual structural parameter. This is because the OLS bias
expression contains additional terms such that the expression for the bias of the 2SLS
estimator relative to that of the OLS estimator does not have the the simple expression
as in the one-variable case. However, the total relative bias can be bounded as can the
size distortions of Wald tests on the structural parameters.

In a two-endogenous-variable model the conditional F-statistics for each reduced form
are equivalent to each other and to the Cragg-Donald minimum eigenvalue statistic under
our LRR1 weak instrument asymptotics. This holds unless 6 = 0, in which case the local
rank reduction is due to the fact that m; is local to zero and the first-stage F-statistic
for z; will be small and that for x5 will be large. In this case, both the Angrist-Pischke
F-statistic and our conditional F-statistic for z; can be assessed against the Stock-Yogo
critical value, and the 2SLS estimator for the structural parameter on z, is consistent.
Additional information can also be obtained from our conditional F-statistics when there
are more than two endogenous variables, as they will identify which variables cause the

near rank reduction. For example, if in a three variable model the near rank reduction



is due to the reduced form parameters on two variables only, the conditional F-statistic
for the third variable will remain large giving the researcher valuable information about
the nature of the problem and directions for solving it. We also show that the 2SLS
estimator for the structural parameter of the third variable is consistent in that case.
The paper is organised as follows. In Section 2 we introduce the linear model with one
endogenous variable and summarise the Staiger and Stock (1997) and Stock and Yogo
(2005) results for testing for weak instruments. Section 3 considers weak instrument test
statistics for the linear model with two endogenous explanatory variables and introduces
the new conditional F-tests. Section 4 considers the relative bias and Wald test size
distortions for the 2SLS estimator under the LRR1 weak instrument asymptotics as
outlined above and presents some Monte Carlo results for the two-variable model. Section
4 also shows the usefulness of the conditional F-test statistics in a model with more than

two endogenous variables. Finally, Section 5 concludes.

2 Weak Instrument Asymptotics in One-Variable Model

In this section we follow the basic Staiger and Stock (1997) and Stock and Yogo (2005)

setup. The simple model is
y=axf+u (1)

where y, x, and u are n x 1 vectors, with n the number of observations. There is

endogeneity, such that E (u|x) # 0. The reduced form for x is
x=27Zr+v, (2)
where Z is a n X k, matrix of instruments and v is n x 1. For u; and v; we assume,
U;
() ~ o)
02 Ow
> = < Ow 05 )



The 2SLS estimator is given by

B _a'Pgy ' Pyu
25LS o' Py 7Y 2Py
where P, = Z (2'2)" 7'
The concentration parameter is given by
op— ! Z’2Z T
O-’U

and is a measure of the strength of the instruments, see Rothenberg (1984). A small
concentration parameter is associated with a bias of the 2SLS estimator and deviations
from its asymptotic normal distribution.

A simple test whether the instruments are related to x is of course a Wald or F-test

for the hypothesis Hy : m = 0. The Wald test is given by

W = %’ZA;Z% _ 'z (Z’AZZ)l Z'x

Oy Oy

where # = (Z'Z)"" Z'x is the first-stage OLS estimator, and 6> = 2/Myx/n, where
My = I — Pz. Under the null, W, 4, Xiz- The F-test is given by F' = W, /k,. Note
that we refrain from a degrees of freedom correction in the variance estimate. Also, note
that the analyses here and further below extend to a model with additional exogenous
regressors, as we can replace y, x and Z everywhere by their residuals from regressions
on those exogenous regressors.

Staiger and Stock (1997) introduce weak instrument asymptotics as a local to zero

alternative,

which ensures that the concentration parameter does not increase with the sample size

' Z' Zw P C/QZZc
—

2 2
0% 0%

CP =

Y

where Qzz = plim (n™12'Z).



Assuming that conditions are fulfilled, such that

L7
\/15 / - Yz ~N(0,2®Qzz),
\/_EZU 77Z)Zv

and k, > 3 when assessing relative bias. Then under weak instrument asymptotics,

222 2 g ow A+ 2) 2
4, %u .
e Z(2'2)" 2 ou (A 2,) (A + 2)

Basis — B =
where

=0 '@k n =0 Qs =00 QM
The bias of the OLS estimator is given by

du  (Zm+o)u n~t (n7Y2d Z'u + v'u)

= e (Z7T —1-11)/ (Z7T +U) - n-1 (nflc’Z'Z’c—i— In—1/2¢! 71y +U/U)

BOLS - B

p plimnWu oy, oy
s = = —p,

plimn-t'v o2 o,

where p = Zw

Ouoy '

As a measure of relative bias, Stock and Yogo (2005) propose
B |Basss| - 8
E Bows| = 8

From the derivations above, and as F [z,|z,] = pz,, it follows that
e (E { (At2) 2 D
! A+ 2) (A + 2) ’

ol

which is also the maximum possible relative bias in this case, where the maximum is over

B? =

n

or

B, =|E

Y

all values of p.

Using weak instrument asymptotics, Stock and Yogo (2005) are therefore able to assess
the size of the relative bias in relation to the first-stage F-statistic. As z, ~ N (0, I,),
B,, is determined by the values of A and k,. Let

/
1 CQZZc
)
k., o2

I =\N\k, =




then using Monte Carlo simulation, i.e. draws of z, ~ N (0, I;.), Stock and Yogo (2005)
find the values of [such that B, is a certain value, say 0.1, for different values of k..

For example, when k, = 4 and using 100,000 Monte Carlo draws, we obtain a relative

expected bias E [%} = 0.1 for [ = 4.98. When k, = 8, we find [ = 7, again for
B, =0.1.
Using weak instrument asymptotics, Staiger and Stock (1997) derive the asymptotic

distribution for the first-stage F-statistic, which is given by
F =50, (kal) /k,

where x; (a) is the non-central chi-squared distribution with non-centrality parameter

a. The F-test statistic can therefore be used to test the hypothesis
Hy:CP/k, <l, vs Hy:CP/k,>1,

where [, is the value for [ determined above such that the B, = b. For b = 0.1, we find
from the scaled non-central chi-squared distribution a critical values of 10.20 when k, = 4
and 11.38 when k., = 8. In comparison, Stock and Yogo (2005), henceforth SY, find very
similar critical values of 10.27 and 11.39 for these two cases respectively.

As an illustration, we performed a small simulation. The model is as in (1) and (2),

()= ((0) (s )

the instruments in Z are four independent standard normally distributed random vari-

with g = 1;

ables and 7 = ( c ccc )/ /\/n, with ¢ chosen such that the relative bias B, for
n — oo is equal to 0.1, or 10%. We set the sample size n = 10,000 and show the results
in Table 1 for 10,000 Monte Carlo replications. The results are clearly in line with the
theory. The observed relative bias is just over 10% and the rejection frequency of the

F-test using the SY weak instrument critical value is 5% at the 5% nominal level.



Table 1. Estimation and relative bias results for one-variable model

mean st dev rel bias SY rej freq
Bors 1.4989 0.0086
Bysrs 1.0520 0.2173  0.1060
F 5.97 2.36 0.0502
Notes: sample size 10,000; 10,000 MC replications; § = 1;
F'is the first-stage F-statistic for x; rel bias is the relative bias of the 2SLS
estimator, relative to that of the OLS estimator; SY rej freq uses the 5%
Stock-Yogo critical value for the F-test for a 10% relative bias.

The Wald test for testing the restriction Hy : 8 = f3, is given by

- <B2SLS - 50)2 (z'Pzx)
PS) 5

Ou

~ / ~
where 62 = (y - :cﬁ2SLS) (y — 35525LS) /n. Staiger and Stock (1997) show that, under

weak instrument asymptotics,

d vi/v1
’ 29
1 —2pva /vy + (vo/v1)

where

i = (A+z) (A +2,)

ve = (A 2,) 2

The Wald size distortion is maximised for p = 1, and SY find the critical values for
the F-test such that the maximal size of the Wald test is a certain value, say 10%, at a
nominal 5% level. For the Monte Carlo example above, we set p = 1 and choose ¢ such
that the maximal size distortion of the Wald test is 10%, in which case the value of [
is given by 16.415. The SY critical value in this case is given by 24.58. The results are
given in Table 2, and confirm that the size of the Wald test is 10% and the rejection

frequency of the F-test using the SY critical values is indeed 5%.



Table 2. Estimation and Wald test results for one-variable model

mean st dev
Bors 1.9935 0.0008
Bass 1.0318 0.1184
W 142 252 0.0994
F 1745 411

rej freq SY rej freq

0.0501

Notes: sample size 10,000; 10,000 MC replications; 8 =1, p = 1;
W is the Wald test for testing Hy: 3 = 1; rej freq uses 5% critical value of x2; SY rej freq
uses the 5% Stock-Yogo critical value for the F-test, for a maximal 10% size of W.

3 Two Variable Model

Following the exposition in Angrist and Pischke (2009), we first consider the following

two-variable model

y:

Ir1 =

To =

113, + 2265 +u (3)

4T+ v

LTy + Vg

where y, x1, T2, u, v1 and vy are n x 1 vectors, with n the number of observations. 7 is

an n X k, matrix of instruments, with k, > 2 (k, > 4 when assessing relative bias), and

w1 and 7y are k, X 1 vectors. For an individual observation 1,

Equivalently, we can write

Y

X

where 3 = (51752)I3 X =

/
Oyy

Xy

))

= XfB+u

= ZII+V

( T1 Ty ); II = ( T T ) and V = ( V1 Vg ) Further, let

z = vec(X), m = vec (II) and v = vec (V).



The OLS estimates for 7; are denoted 7; = (Z’Z)_1 Z'xj, j = 1,2, and the estimated

variances are given by
~2 A~ PP NPNPN
S _ 01 012 o 1‘7/‘7 . 1 V1V1 VU2
v=1 ~ ~2 = — =—\| v~ =~
where V = X — ZII.

The first-stage F-statistics are given by

AN/ S A G AV ARRAL S
F}‘: ]AQJ:J ( 32 J;j:172a
kzaj k:zaj

and k.F; converges in distribution to a X%Z distribution under the null Hy : 7; = 0.
Significant first-stage F-statistics are clearly necessary, but not sufficient, for identification
of 8. For example, if m; = dmy # 0, both first-stage F-statistics will reject their null in
large samples, but the model is clearly underidentified.

Staiger and Stock (1997) and Stock and Yogo (2005) consider weak instrument as-
ymptotics where all reduced form parameters are local to zero, i.e. II = C/y/n. The

Wald test for Hy : m = 0 is given by
W, =7 (i;l ® Z’Z) 7
which is identical to the trace of the Cragg-Donald (1993) statistic
CD =S,z z1Is, 2.

However, this Wald test statistic on the reduced form cannot be used in an equivalent way
to assess relative bias and 2SLS Wald test size distortions as in the one-variable model
above, because these are determined largely by the minimum eigenvalue of CD, 7,;,. In
other words, relative bias and Wald size distortions can be large if tr (C'D) is large but
Tmin 1S small. In a general setting with g endogenous explanatory variables, W, = tr (C'D)
is a test for Hy : rank (IT) = 0, whereas T, is a test for Hy : rank (II) = g — 1, with g the

number of endogenous explanatory variables. SY derive critical values for 7, /k, under

10



the local to zero weak instrument asymptotics for maximal total relative bias and Wald

test distortions, where the total relative bias is given by
~ / ~
o (Easis = 8) S (EBasus = 9)
pu— — 7 Py
(EBows — 8) Sx (EBows — 8)

with Xx = plim (n"'X’X). In this case, as T, is not the test statistic for Hy : 7 = 0,

Y

unlike in the case of one endogenous variable, the correspondence is not exact and use
of the SY critical values results in a conservative test in the sense that the null of weak
instruments is rejected too infrequently when the null is true. This is not altogether an
undesirable feature of the test, as a researcher can be quite confident that instruments

are not weak when 7, /k, is larger than the SY critical value.

3.1 Conditional F-test

Angrist and Pischke (2009) propose an alternative conditional first-stage F-statistic for
the case of multiple endogenous variables by reformulating the estimation problem to
a one-variable model after replacing the other endogenous variables with their reduced
form predictions. For instance, for the two-variable model, the 2SLS estimator for /3, is

obtained by 2SLS in the model
y =10 + Tafly + u’, (4)
where Ty = Z7T9 = Pyxq, using Z as the instruments, and hence
By = (2, Mz, Py Mz,a1) ™" 2, My, Pyy.
Therefore, 31 can be seen as the 2SLS estimator in the one-variable model
y = Mzx10, + &, (5)

where the residual Mz, r1 = x1 — 325, with & = (5:\’2@)_1 Thry, is instrumented by Z. The
reduced form is then

Mz = Zk+ ¢ (6)

11



and the Angrist-Pischke F-statistic is testing the hypothesis Hy : k = 0, given by

ANV _ JillM@PZM@ml (7)
(k, —1)5° (k. —1)5>

£

AP =
where % is the OLS estimator of k,

R = (Z2'2)" Z' Mz,
= (22)7 7' (01— 0

= %1 — /77\'2(5,

and 67 = €2 /n, with € = Mj,x1 — ZR. The degrees of freedom correction follows because
75 has been predicted using the same instruments Z. If we partition Z = [ 21 o } with
Zy a (k, — 1) x n matrix, then the instrument set for (4) could equivalently be written
as [ To Jo ]

As the problem seems to have been reduced to a one-endogenous variable model,
F4p has been proposed to determine instrument strength for identification of individual
structural parameters, like 5, in the above derivation, and Stock and Yogo (2005) weak
instrument critical values used to determine maximum relative bias of the IV estimator,
relative to the OLS estimator for the single parameter. There are some issues with
this, however, that seem to invalidate such an approach. Under the null that x =
0, (k, — 1) Fap does not follow an asymptotic X%z—l distribution, unless 7y = 0. An
alternative F-statistic is easily derived that corrects for this, but the relative bias results
as described in the previous section for the one-variable model do not carry over to the
individual parameters in this multiple endogenous variables model.

To consider the asymptotic distribution, for any given value of § we have that
LE1—§I\25 = 561—.132(54‘(132—/37\2)(5
= Z(7T1—(57T2)+1)1—(5U2+5sz2
= Z(7T1—57T2)+Ul—(5P2U2.

12



Clearly, the OLS estimator for ks in the model
r1 — /{L‘\g(s = ZI{(; + e* (8)
is given by

Rs = (Z'2) 1 7' (21 —T20) = (Z'2) " Z' (21 — 220)

= T =0Ty =m —0my + (Z'Z) " 7' (v) — Guy)
and hence the variance of the OLS estimator is given by
Var (Rs) = (03 — 2001 + 6%03) (Z2'2) 7" (9)

The F-statistic for testing Hy : k5 = 0 in (8) is

~ o~
AV

s =
" k. (60— 2661, + 6%52)

and k,Fs converges in distribution to a Xiz distribution under the null that x5 = 0, or

71 = 0me. However, computing the standard F-test statistic in (8) as

RZ'ZR
Fo=—5—
k.o:.

does not result in Fjs as
~ ! ~ o~
é\*%\* = (l’l — ZL’Q(S) MZ (1‘1 — CL'Q(S) = I;Mzﬂfl = i}\/l’Ul
and hence

RZ'ZR
Fy=——5-.
k.oi

Therefore the denominator of F, does not estimate the variance as in (9) correctly and
k,Fs does not converge to a XZZ distribution under the null, unless 6 = 0. The correct
F-statistic would be obtained by the standard F-test if the dependent variable in (8) was

r1 — 0o instead of x1 — 0Z.

13



The Angrist-Pischke approach does replace § by an estimate J. By developing a
formal testing framework we show that the same issues arise and that (k, — 1) F4p does
not have an asymptotic x;__, distribution under the null that 7y = dms, unless § = 0.

Partition Z = [ 21 Loy } We can write the reduced from for z; as

xrT = Z7T1+U1 (10)
= Zmy+ Z(m —m2) + 1
= 7790 + Zo (T19 — T220) + 13

= 190 + Zy (12 — T226) + v1 — 2

where m; and 7w, are partitioned as [ Tl Mo }, and [ To1 Tho }/ respectively; § =
711/m21, implicitly assuming that mo; # 0. Hence a test for underidentification is a test
for Hy : v = 0, in the model

T1 = x90 + Loy + 07, (11)

where v* = v; — dve. Clearly, x5 is an endogenous variable in (11), but we can estimate
the parameters 0 and v by IV, using Z as instruments. The 2SLS estimators for ¢ and ~
are given by

0 = (TyMy,7s) ' B Mya
:Y\ = (ZéMfzzQ)_l ZéMfle
and
Var () = 03 (Z3Mz,7) ",

with 02. = 02 — 25015 + 6°02. The F-test statistic for testing Hy : v = 0 is therefore
given by
v\ Mz, Zy (Z4Mz, Z5) " ZyMz, 2,

(k, — 1) (0¥0* /n)

F, =

14



with

= 1 — Igg— ZQ’/}/\
= ZF1+ 01— IR0 — 00s — Zo7
= D) — 00y,

as the IV estimates are given by

N Tl ~ ~ ~
0= =<—; 7 =T — 220
21
Hence,
~2 1 sl sk ~2 P 22
0. =00 =0] — 20015+ 9 05

n
is a consistent estimator of o2..
The Angrist and Pischke (2009) F-statistic as described above is related to F,, as

Mz, 2(Z'2) " 7' Myywy 0y My, Zo (25 Mz, Z5) " Z3 My
(k. — 1) (£2/n) (k. —1)5° ’

Fap =
because

¥\ Mz, Pz Mz,vy = Py Mz, Pzxy = Ty Mz, 7T
= AZyMz, 757 = x\ Mz, Zo (Zy Mz, Zo) ™" Zy Mz,
and the sum of squared residuals is given by
% = 2\ Mz, My Mz, v, = 2\ Myx, = 0)0;

and hence 2'¢/n = 2. Therefore, whilst the numerators are the same in Fyp and F,, the
denominators are different. (k, — 1) F4p is therefore not asymptotically Xizq distributed
under the null, Hy : w1 = dm, unless 6 = 0 and hence m; = 0.

Clearly, § = (Z,7>) ' T,a1 is an estimate of § under the null that 7, = 75 and hence
v =0. Let v* =z — l’gg be the residual under the null, then the LM test for the null
Hy : v =0 is given by

~x/ 17\—L 1k
= Z <~Z~Z) VAD]
vMU* In

15



which converges to a Xiz_l distribution under the null. LM is equal to nR? in the model
Ty — 90 = Zk + £, (12)

The F-test in (12), with appropriate degrees of freedom correction, is given by

RZZR
g = = (13)
(k: = 1) (€€/n)
~ / ~
(%1 — 5%2) 7'7Z (%1 - 5%2>
(k, — 1) (ai iy 225’312)
& M, Zo (24 Mz, Z5) " Z4 M, 1
(k. = 1) (51 +3° 53 — 20612

Y

which is only different from F, through the estimate of ¢ in the denominator. In Fj,
this is invariant to which instrument has been excluded from Z in forming Zs, making it
therefore preferable to F,.

Analogous to (10), we can write for z,

Ty = $15* + ZQ (7'('22 — 7T21(S*) + vy — (S*Ul

— $1(5*+Zg’7*—|—1}**

where 6* = 15 /79y = 6, v* = —v/§ and v** = v*/4. Clearly

~% ! ~%
(@ =3 %1) 7'7 (%2 =3 %1>

Fyn =

)

(k. 1) (53 L35 2551,

=* ~ A~ 1~ . .
where § = (Z|71)" T}z, has the same asymptotic properties as Fij3 under Hy : ™ =

0wy, but it is not identical to Fy), as 5 #* gil.
3.2 Relationship with Cragg-Donald Statistic

With ¢ endogenous variables, the minimum eigenvalue of the Cragg-Donald statistic,

Tmin, 18 a test for Hy : rank (IT) = g — 1 against the alternative H; : rank (IT) = g. For the
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two-variable model, this null is of course equivalent to Hy : m; = dms. The Cragg-Donald
test is based on the restricted estimates under the null, using the minimum-distance

criterion,

((_5, ﬁg) = argminH (9, m,),

8,72

ram=((2)-(2)) @ era ((2) (%))

The Cragg-Donald test statistic is then

with

Tmin = H (37 ﬁQ) i> X%z—l
under the null. We show in the Appendix that

H(57f2) _ (71'1 —(571'2) ZZ(7T1 —571'2)

52 +0°62 — 2061,
and hence the only difference between Fyjp, Fo1 and Tmin/ (k. — 1) is the estimate for

0. Clearly, unlike the F-statistics, T, is invariant to normalisation, as H (3*,771> =

H (6,7).

4 Local to Rank One Weak Instrument Asymptotics
in the Two-Variable Model

In the previous section, we have shown that (k. — 1) F, has a limiting x3 | distribution
under the null that v =0 in (11). We next investigate whether F, can be used to assess
whether instruments are weak for individual parameters as described in Section 2. We
focus in the derivation below on F, as the setup for this test is easier to use with our
weak instruments asymptotics, but results of course carry over directly to Fijz, F5; and
T min-

We are interested in the case that the instruments are not weak for each equation,

but where the rank of II approaches a rank reduction of one. We specify LRR1 weak
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instrument asymptotics as v = ¢//n, or
T = 0o + C/\/ﬁ
We can then write the reduced form of z; as

r1 = Zmad+ Ly (ma — dman) + 01

= /ZE\Q(S + ZQC/\/E + (Ul — 5P2112> .

The IV estimator for 3, is given by

0 Mz, Zo (Z5 Mz, Z5) ™ ZyMz,y
& M, Zo (Z5 My 7o)~ Z4 Mz, 21

B 1,28LS —

and it follows that

& Ms, Zy (24 Mz, Zo) " Z5 M, u
& M, Zo (2, Mz, 7o) ™" Z M, 4

61,25’LS - 51 -

as Mz, x5 = 0, Mz, My = (I — Py, (90’2PZ:L’2)71 93’2PZ) My = My, and hence Z) Mz, M zvy =
ZéMZUQ = 0.

We assume that

BISVA
<L Vi Za e )i>< Vzgu ):N(O,Q®Q),

\/ﬁzéM§2 (Ul - 5U2) ng(vl—(Svg)
where
a0 - o2 Oul — 0042
N Uu1_50u2 U%+(52U§—2(5012
Zy = Mz,7,

Q = plim(n'2y'Z3).
It is then easily shown that
~ ! s~
¥ M, Zy (25 My Zo) ' Zy Mgy~ 025 ()\ + z) ()\ + 5)
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and

—~ /
& M, Zo (75 M, Z5) ™ Z5 Mot 5 0000, 50, (A n Z) z,

where

— 2 2 .2 .
Op1—bvg = \/01 + 0%05 — 20012;

_ /2., ~ _ -1 ~1/2 L 112
A - o’ul—é‘fl}QQ C7 Z’U - 0-1)1—51)2Q @/}Z;(’Ulf&vg)? ZU - O-u Q ¢Z§u

We are therefore in the same setup as Staiger and Stock (1997) and Stock and Yogo
(2005), and the distribution of the bias of BLQSLS is given by
o\ Mz, Zo (Z3§Mz, Z5) ™ ZhMz,u
¥\ Mz, Zy (Z4 Mz, Z5) " ZyMz,
P (X + Ev>lzu
1=z (X + ’zﬁ,)l (X + ’z“)

51,25LS - /31 -

Y

and )

Oul _5Uu2 (A—’_zv) ;;v
2 2 2 L ~ I~
O'1+5 0'2—250'12 ()\_,_E;) ()\+zv)

One would therefore think that one could proceed as in the one-variable model as specified

E <§1,2SLS> —p —

above, with
~ ot 1 dQc
=X\ (k,—1)=
/ ) k. — 102 +6%0% — 2601,

and the critical values from the non-central chi-squared distribution applied to

W\ Mz, 73 (Z§Ms, Z) " Zy My,
(k. — 1) (ai M 25312)

£,
However, in this case the bias of the OLS estimator of 3, in the model

y=x18; + 228, +u

is given by
!/
1 My,u

Brows — B1 = .
L ! xy My, xq
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11 = 120 + Zoc//n + (v — Ovg)

we get that

plim (n~" (2} My,u)) = plim (nl (%Zéngu + (v1 — 5U2>/Mx2u)) -

Further,

plim (n_l (x'lM,mxl))

i (10 (22 2 b+ (o S -5 )

From these results we find that the bias of the OLS estimator converges to

plim (n (vy — dvg)' M, u)
phm (n*l(vl — 5UQ)IM12 ('Ul — 5@2))

plim <BI,OLS - 51)

(012 —50'3)0742

0u1_50u2_ﬂ/ Toto
= - zQngf;foQ)Q (14)
0%+ 0°0% — 20019 — —ﬂ’ngzmiU%
and therefore, we now have that

~ ~ !/

’E [51,2SLS] - B <)‘ + Zv) 2y
Bn,l — PN — S

B [BLows] - | (A+z) (3+3)

and so the direct relationship between the relative bias of the individual parameter and

the value of the concentration parameter does not hold in this setting.!

!The one-variable model as described above was y = Mz,x13; + £.and so one could ask the question
whether the weak instrument relative bias could apply to the OLS estimator in this model instead. The
OLS estimator is given by

B ) Mz,y _ 54 Bzx’lM@xg + zy Mz,u
LoLs = o I Mz, a1 1 @) Mz, 1
and therefore 5 N
. 012 T Oul
plim 3, prg — B = 2—p——
01
and hence, again
o~ ~ !
~ ‘E [ﬂl,QSLS} - /31‘ ()\ + Zv) Zy

Bn,l =

£ |E

‘E [BLOLS} - 51‘

(x+ E,,)/ (A +2)
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However, we can get a result for the total relative bias. First of all, it is easily

established (see Appendix) that for the 2SLS estimator for /3, we find,

. (ra)
w1z <X + %},)l <X + z,) |

-~ d
52,25Ls — By —> —0

and hence, asymptotically,
E (52,2SLS) - 52 =—0 (E (51,2SLS> - 51) .

From this it follows that 32,25 s is consistent when 6 = 0, that is in the situation where
the instruments are strong for xs, but weak for z; in the sense that 7, is local to zero.

We show in the Appendix that then
<EB2SLS - 5>, x (EBQSLS - 5)
(EBOLS - 5>/ x (EBOLS - 5)

B2: §b2

where

(X+z,)'zv

(X + EU>, (X + z)

From this it follows that we can use the SY critical values for 7/ (k. — 1), Fi2 and

b=F

Fy)1 to assess LRR1 weak instrument maximal total relative bias. These are the critical
values tabulated for the one-endogenous variable case with k, — 1 instruments.
We can also use the equivalent SY critical values for assessing the maximal size of the

individual 2SLS Wald tests. We get for the Wald test for the simple null Hy : 3, = 3%

—~ 2 _
(Brases = 8) (04 Mo, Za (Z4Mz, 2) ™ Zy Mz, 1)

((sz)'zu)Q
(X+ z,,)l (X+ z)

Wi

u

:qld :qw

where

~ ~ / ~ ~
~2
Oy = (3/ — 2181 2515 — $262,2SLS> <y — 218125108 — 37262,25%5) /n.
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We find that

~ ~ 2
~2 d Tul — 0042 Vo Vs
O'u—>0'i 1-2—————+ | = s

OuO v —dvy V1 U1

no= (3+z) (G+z)

n o= (X+3) 2

where

The Wald test is then, as in Staiger and Stock (1997) and Stock and Yogo (2005), equal

to
U3/
Wy = —— —
1 — 2pvy /vy + (V2/11)
where p = 2199w and so we can again use the SY critical values for the F-statistic for

OuOyq —§vy

maximal size of the Wald-test, achieved when p = 1. Clearly, we get the same results for

W5, the Wald test for Hy : 3, = 35.

4.1 Monte Carlo Illustration

To illustrate, we generate data from the model as specified above, with

2
U; 0 oL Oyl Oy2
2
V14 NN 0 y Oyl 0'1 012
2
V; 0 Ou2 O12 Oj

The instruments are drawn independently from the standard normal distribution, with
k., = 4, and hence Qzz; = I;. We set my = (—0.5,0.5,—0.5,0.5)" and m, = émy +
(0,¢,¢,¢) //n. We have

Q = plim %ZQM@Zz

1 B -1
— plim— <Z§ZQ — Zlas (:,:’QZ (2'2)" Z’xg) :U’QZQ)
n

where T, = [ Mo oo ]/ is partitioned commensurate with Z = [ 21 Zoy ]
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The limit of the concentration parameter for this specific configuration is given by

2
dQc 32— ¢

02+ 0%02 — 2001, 0246202 — 2001

CPl =

We choose ¢ such that the concentration parameter has the value for which the IV

estimator for § has a maximal total relative bias of 10%. We have further set the

parameters as follows: 3, = 0.5; 8, = —0.3; 02 = 02 = 03 = 1; 0,1 = 0.1; 042 =

—0.7; 019 = —0.7 and 6 = 0.7. This design is such that the additional terms in the OLS

bias are important, with

(012—60%)?
mQzzm2t _ g 551

2 2 2 (012—6032)0
0%+ 6“05 — 200 _ _ (0127003)0u2
! 2 2 Tut = 0042 T5Qzzm2+05

2, 522
Oyl — 00y 0110705 — 20015 —

i.e. the OLS bias for ; is much smaller than m’g;—%. The results are given in
Table 3 for a sample size of 10,000 observations. The individual standard F-statistics
are very large. As expected, the IV estimator of 3, has a large relative bias of 0.3441,
approximately equal to 3.56 % 0.1, but the relative bias of 8, is much smaller at 0.0498.
The distributions of Fijs, Fopp and Twin/ (k. — 1) are virtually identical, each with a mean
of 4.7 and rejection frequency of 4.6% at the 5% nominal level using the weak instrument
critical value. In comparison, the AP F-statistics are much larger in this case with the
mean of F4p; equal to 11.82, and that of Flyps equal to 22.93.

The total relative bias in this design is found to be equal to 7.6%, which is less
than 10%, as predicted by the theory above. The SY test for weak instruments for IT
local to 0 is conservative and has a rejection frequency of 2.6%. This test is given by
Tmin/k. and the weak instrument critical value is derived for two endogenous variables
with k. instruments. In contrast, the weak instrument critical values for )9, Fo; and
Tmin/ (k. — 1) are those for one endogenous variable with k. — 1 instruments. From Table

1 in SY, it is easily established that when 7, /k, is larger than its associated tabulated

critical value, then 7,/ (k. — 1) is also larger than its weak instrument critical value, so
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we would always reject LRR1 weak instrument problems whenever we reject rank zero

weak instrument problems.

Table 3. Estimation results and relative bias for two-variable model

mean st dev rel bias SY rej freq

BroLs 0.5695 0.0070

BaoLs -0.6506 0.0062

BrasLs 0.5239 0.1979  0.3441

Baasrs 0.3174  0.1419  0.0498

F 1290 44

jo) 92503 71

Fapy 11.82 591 0.6256
Faps 22.93  11.46 0.9082
Fipy 470 235 0.0460
Fop 471 2.36 0.0464
Tmin/ (ks —1) 470 2.35 0.0457
Tmin/ k> 3.52 1.76 0.0267

Notes: sample size 10,000; 10,000 MC replications; 3;= 0.5; S,= —0.3;

F} is the first-stage F-statistic for x;, j =1, 2;

Fypj is the Angrist-Pischke F-statistic and F2 and Fj); are the

conditional F-statistics as in (13); Ty, is the Cragg-Donald minimum
eigenvalue statistic; rel bias is the relative bias of the 2SLS estimator, relative
to that of the OLS estimator; SY rej freq uses the 5% Stock-Yogo critical
values for a maximum 10% total relative bias

In Table 4 we present results for the Wald test statistics in a design with p = 1, by
changing the variance parameters to o,; = 0.755, 0,0 = 0.35 and 015 = —0.35, again
choosing ¢ such that the size of the Wald tests is 10% at the 5% level. The simulations
confirm the analytical results. The rejection frequencies of the Wald tests are just over
10% and the rejection frequencies of Fija, Fy1 and T/ (k. — 1) just over 5%. In this
case, the SY weak instrument test 7T, /k. using the tabulated critical value for two

endogenous variables and four instruments is also just over 5%.
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Table 4. Estimation and Wald tests results for two-variable model

mean st dev rej freq SY rej freq

BroLs 1.4990  0.0007

Baors 0.3899  0.0006

Brasrs 0.5257 0.1565

Byasrs -0.2827 0.1071

W 147 2.86 0.1016

W, 146  2.87 0.1017

Wi 2.61 358 0.1080

Fip 14.85  4.40 0.0548
Py 14.93  4.45 0.0585
Twin/ (b — 1) 14.84 440 0.0517
Tonin/ ki 1113 3.30 0.0545

Notes: sample size 10,000; 10,000 MC replications; 3,;= 0.5; Bo= —0.3

W; is the Wald test for Hy: 3,= Bg;; Wiz is joint Wald test;

Fij3 and Fy) are the conditional F-statistics as in (13); Tmyin is the
Cragg-Donald minimum eigenvalue statistic; rej freq for Wald tests uses 5%
critical value of x? distribution; SY rej freq uses the 5% Stock-Yogo critical
values for a maximal 10% size of Wald tests.

4.2 The case § =0

When § = 0, we have in the process above that m; is local to zero, and hence the
instruments for x; are weak, but not for x;. As shown above, 327251;5 is in this case
consistent for 3,, but BLQSLS will suffer from a weak instrument bias. In Table 5, we
show the results for the bias of the 2SLS estimates, for when § = 0 and where we have
further set o,; = 0.8. All other parameters remain the same as for the results presented
in Table 3, and we have set the value of ¢ again such that the maximum total relative
bias is 10%. As can be seen from the table, the results are as expected. The value of the
first-stage F-statistic for z1, F} is now small, whilst that of F; is large. The behaviour
of Fap1 is now the same as that of Fi;, both rejecting the null of weak instruments 5%
of the time using the SY critical values for k, — 1 instruments. BQ’Q sLs 1S consistent, but

the total relative bias is at 9.7% only just below 10%.
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Table 5. Estimation results and relative bias for two-variable model, § = 0

mean
BroLs 1.2317
BaoLs -0.3976
Brasis 0.5776
Ba2sLs -0.3010
jal 4.08
o) 2503
Fapa 4.79
Faps 2922
Fips 4.72
Fy, 462
Tmin/ (ks — 1)  4.72
Tmin/kz 3.54

st dev
0.0067
0.0047
0.3001
0.0103
1.88
70
2.39
502
2.36
1184
2.36
1.77

rel bias

0.0776
-0.0010

SY rej freq

0.0044
1.0000
0.0515
1.0000
0.0474
0.8811
0.0470
0.0259

Notes: sample size 10,000; 10,000 MC replications; 3;= 0.5; Bo= —0.3
F}; is the first-stage reduced form F-statistic for x;, j =1, 2;

Fypj is the Angrist-Pischke F-statistic and F2 and Fj); are the
conditional F-statistics as in (13); Ty, is the Cragg-Donald minimum

eigenvalue statistic; rel bias is the relative bias of the 2SLS estimator, relative
to that of the OLS estimator; SY rej freq uses the 5% Stock-Yogo critical

values for a maximum 10% total relative bias

4.3 More than Two Endogenous Variables

As is clear from the analyses above for the two-variable model, the use of Fyj; and Fy);
under our LRR1 weak instrument asymptotics do not reveal more information than the
Cragg-Donald statistic Tmin/ (k. — 1), unless 6 = 0. One possible advantage of F, and
Fy1 is that these statistics are more easily made robust to general variance heteroskedas-
ticity than the Cragg-Donald statistic, although one could readily compute the robust
Kleibergen-Paap (Kleibergen and Paap, 2006) statistic instead. Robust tests will get the
right size under the null of a rank reduction of 1, but weak instrument critical values
for these robust tests have not been derived, see Bun and De Haan (2010). Olea and

Pflueger (2013) have proposed an alternative robust F-test type procedure, but applied

thus far to only one endogenous variable.

The derivations for the two-variable model easily extend to the general case of several
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endogenous variables. The computation of the individual conditional F-statistics could
then reveal further interesting patterns that the Cragg-Donald statistic will not be able
to. For example, consider a three-variable model, which has a local rank reduction of one
of the form

T 2527T2+537T3+C/\/5

but with 3 = 0. The conditional F-statistics are in this case computed from

T —X_jg: ZK+€,

-1

where X_; is the matrix of endogenous variables with z; excluded and 5= (X L j) X! jzj.
The conditional F-statistics are then
RZ2'ZR
Fo, = (15)

(k: —2) (€€/n)

Table 6 presents some simulation results for this particular case for the following design

U; 0 1 08 03 0.6
vi | L 0 08 1 03 0.5
V2; 01’1 03 03 1 04 ’
U3 0 06 05 04 1

09 = 0.5; 03 = 0; B; = 0.5; By = —0.3; B3 = 0.7. The instruments are again drawn
independently form the standard normal distribution, with k£, = 5, and c is again chosen
such that the total relative bias is less than 10%.

It is clear from the conditional F-statistics that the near rank reduction is due to
parameters in the reduced form equations for x; and x5. From a straightforward extension
of the analytical results for the two-variable case in the Appendix we get that 33’2 SLS
is consistent as 93 = 0. This is confirmed by the simulation results. The total relative
bias in this case is equal to 8.8%, which is indeed less than 10%. It is clear that the
conditional F-statistics now provide important additional information that that provided

by the Cragg-Donald statistic.
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Table 6. Estimation results and relative bias for three-variable model

mean st dev rel bias SY rej freq

Brows 11337 0.0068

Brors L0.4581  0.0050

B3,0Ls 0.9526 0.0055

B asLs 0.5709 0.3086  0.1120

BaosLs 203361 0.1575  0.2285

BsasLs 0.6990 0.0161 -0.0040

F 650 26

F 2504 67

F3 902 32

Fias 482  2.38 0.0514
Foji 3 4.84 241 0.0531
Fip 198.21 329.06 0.8779
T/ (. —2) 482 2.38 0.0513
Tmin/ K 2.89 143 0.0156

Notes: sample size 10,000; 10,000 MC replications; 5= 0.5; S,= —0.3; 5= 0.7
F} is the first-stage reduced form F-statistic for x;, j =1, 2, 3;

Fij2,3, Fy1,3 and F3)1 o are the conditional F-statistics as in (15);

Tmin 18 the Cragg-Donald minimum eigenvalue statistic; rel bias is the relative bias
of the 2SLS estimator, relative to that of the OLS estimator; SY rej freq uses the
5% Stock-Yogo critical values for a maximum 10% total relative bias

5 Conclusions

We have shown that a conditional first-stage F-test statistic can be informative about the
information that instruments provide for models with multiple endogenous variables. The
conditional F-test is similar to the one proposed by Angrist and Pischke (2009), but takes
the variance of the multiple equations into account for testing a rank reduction of one of
the matrix of reduced from parameters. Our weak instrument asymptotics is defined as
local to a rank reduction of one of this matrix. We find that the conditional F-tests in a
two endogenous variables model provide the same information as the Cragg-Donald test
statistic for testing a rank reduction of one, unless 6 = 0, and are informative for total
relative bias and Wald test size distortions for individual structural parameters. With

more than two endogenous variables, the conditional F-statistics can provide additional
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information regarding the strength of the instruments for the different reduced forms.

We therefore recommend in applied work that researchers report standard first-stage F-

statistics, the Cragg-Donald statistic and the conditional F-statistics in order to gauge

the nature of the weak instrument problem, if any. The Stock and Yogo (2005) weak

instrument critical values can be used for the Cragg-Donald and conditional F-statistics.
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6 Appendix

6.1 Cragg-Donald Statistic

The Cragg-Donald statistic in the two-variable model is obtained as

~ /! ~
et =((2) - (%)) €22 ((2) (%))
9 ) ) Uw)
The first-order condition is given by
1 6H ((5,7’(’2) . 1) ' S—1 / %1 5’”2
_5 87'('2 N 1 ® ! (Z ® 4 Z) %2 B Uy
= (o eem e yoz () (7)) =0
T 79
resulting in
(66" +5'%) 2' 27, + (66"% + 67%) 2/ 27,

= §(60" +0') Z'Zmy + (66 +G%2) Z' Zs.

Hence,
~ (36" +6) 7y + (35" +6%) 7,
" 305" +5%) + (067 + 5%
(082 —51) F1 + (32— 5512) 7o
B 52+ 06762 — 2061 ’
and
- (5%~ 20512+ 3°83) 7o — (053 — 512) 71 + (57 — 9512) 7a)
Ty — Ty =

5240762 — 2061,
855 — 012 =
= —= ( _22A2 ZA (71 — 072) ;
o1+ 05— 20012

30



(5%~ 2010+ 5°53) 71 = 3 (363 — 12) 71 + (55 — Go0) 72)

T — 0Ty =
~2 <29 =~
o1+ 0 05— 20012
~2 T~
(01 - 5012) ~ T~
- ~2 |, T2~2 =~ (ﬂ-l B 57T2) :
o1+ 0 05— 20012

As
( (3_? —2 3812) ' i,l (Ei —2 3/0'\12)
— ((582 — 6'\12) - (582 - 312)
— sy L
= (1 =0)2% 2< 3 )

= (1 —3)2(_13)

~2 <29 —~
= 0]+0 05— 20012,

it follows that
(71— 072) 2'Z (71 — 07s)

~92 <29 =~
o1+ 0 05— 20012

H (6,7) =

6.2 Total Relative Bias

Equivalently to (10) we can write
Ty = 110" + Zy (Tag — T120™) + vg — 0™ vy
where 0" = 791 /711 = §~!. Hence, under LRR1 weak instrument asymptotics, we have
Ty = 210" — Zoc6* /\/n + vy — 8 vy,
As

L 7'M (0
Vi T2 L>( Z3"u ):NOQ*®*
( \/LﬁZéMﬁ (U2 -9 Ul) wzé‘*(vz—é*vl) ( ’ ¢ )’
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2 5
OF = Oy Oy2 — 0 Oyl
Ou2 — (5*O'u1 0'% + (5*20'% - 2(5*0'12
*k
Zy = Mz, Zs

Q* = plim (n_lZ;*'Zg*)

1
QF = plimﬁZéMngQ

1
= plim (— (Z574 — Zhar (212 (Z'Z) Z'24) $'1Z2))
n

1
= plim (— (ZyZy — Zyows (0a4Z (Z'Z) Z'd12) (53:'222))
n
= Q
It fOl].OWS that wzg*u — wzgu and ’QZ)Z;*(,U2_5*U1) = 77Z)Z;(v2—5*v1) = _%QIDZ;(QH—(S’UQ)? as e.g.
ZiMsu = Zhu— Zixy (2 Pyxy) " 2 Pyu

= Zu—Zim (;E’lz (Z'2)7 Z’x1> VAV IARIAT

Further,
plim (' Z'z1) = dplim (Z'x),

~ 1

_ *
A= 0, e, Q00

= (5*01;1—51;2)_1 Qco*

pu A,

so we get that
~ /
oy (/\ + zv> Zu

BQ,SLS — By - _50U1_5v2 (:{ + ’z“v>/ (X + 5v>

and hence, asymptotically,

E (BQ,SLS> - 52 = —0F (Bl,2SLS> - 51-
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Using this, we can express the total relative bias

B2 — (Eg?SLS B B>I 2x (E/B%‘LS - 5)
(EBOLS N 6>/ 2x (EBOLS - 5) |

where Y x = plim (n71X'X), as

Y S SV DSy DEYAE Py,

b2 / —1
where
~ !
(A + z) z,
b = F — —— ;
</\ + z) </\ n z)
_f ou ).
EXU N ( T2 > ’
B 1 1 =4
02 4+ 6%02 — 2501, \ —0 0% )"
Hence

B? < maxeval (E%QDEXDE;/Q) .
as E%QDE XDE;/2 is a symmetric idempotent matrix, we get that
B* <.
The latter as

I S A R )
Yy = plim— / /

)
= 7T/QCQZZWZ( 5 1 ) +EV

and hence

Let

i~ e s
\/U% —1-520% — 20012 —0
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so that D = dd’, then
dYyd=1

and hence

YxDYxD = XyDXyD = XyddXydd

- Evddl - EvD = ExD

and therefore

VD2 DYy’ DyyD2Y? = $V’DEy Dy DT DY’

= »Y’Dxy Dz
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