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Abstract

We study the problem of nonparametric regression when the regressor is endogenous, which is
an important nonparametric instrumental variables (NPIV) regression in econometrics and a
difficult ill-posed inverse problem with unknown operator in statistics. We first establish a gen-
eral upper bound on the sup-norm (uniform) convergence rate of a sieve estimator, allowing for
endogenous regressors and weakly dependent data. This result leads to the optimal sup-norm
convergence rates for spline and wavelet least squares regression estimators under weakly depen-
dent data and heavy-tailed error terms. This upper bound also yields the sup-norm convergence
rates for sieve NPIV estimators under i.i.d. data: the rates coincide with the known optimal
L?-norm rates for severely ill-posed problems, and are power of log(n) slower than the optimal
L?-norm rates for mildly ill-posed problems. We then establish the minimax risk lower bound
in sup-norm loss, which coincides with our upper bounds on sup-norm rates for the spline and
wavelet sieve NPIV estimators. This sup-norm rate optimality provides another justification
for the wide application of sieve NPIV estimators. Useful results on weakly-dependent random

matrices are also provided.
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1 Introduction
In economics and other social sciences one frequently encounters the relation
Y1i = ho(Y2:) + € (1)

where Y7; is a response variable, Ys; is a predictor variable, hg is an unknown structural function
of interest, and ¢; is an error term. However, a latent external mechanism may “determine” or
“cause” Yy; and Ya; simultaneously, in which case the conditional mean restriction Ele;|Y2;] = 0
fails and Y5; is said to be endogenousﬂ When the regressor Ys; is endogenous one cannot use
standard nonparametric regression techniques to consistently estimate hg. In this instance one
typically assumes that there exists a vector of instrumental variables X; such that Ele;|X;] = 0
and for which there is a nondegenerate relationship between X; and Ys;. Such a setting permits
estimation of hy using nonparametric instrumental variables (NPIV) techniques based on a sample
{(Xi,Y1s,Y2:) } ;. In this paper we assume that the data is strictly stationary in that (Xj, Y14, Y2;)
has the same (unknown) distribution Fxy, y, as that of (X,Y7,Y>) for all 2E|

NPIV estimation has been the subject of much research in recent years, both because of its prac-
tical importance to applied economics and its prominent role in the literature on linear ill-posed
inverse problems with unknown operators. In many economic applications the joint distribution
Fxy, of X; and Y; is unknown but is assumed to have a continuous density. Therefore the condi-
tional expectation operator Th(-) = E[h(Y2;)|X; = -] is typically unknown but compact. Model

with Ele;|X;] = 0 can be equivalently written as

Y, = Tho(Xi>+ui

E[UZ‘XZ] =0 (2)

where u; = ho(Y2;) — Tho(X;) + €. Model is called the reduced-form NPIV model if T is
assumed to be unknown and the nonparametric indirect regression (NPIR) model if T" is assumed
to be known. Let E[Y1|X = -] be a consistent estimator of E[Y;|X = -]. Regardless of whether
the compact operator 7T is unknown or known, nonparametric recovery of hg by inversion of the

conditional expectation operator 1" on the left-hand side of the Fredholm equation of the first kind

Th(-) = E[Yi|X = ] 3)

In a canonical example of this relation, Y1; may be the hourly wage of person ¢ and Ya; may include the education
level of person i. The latent ability of person i affects both Yi; and Ya;. See Blundell and Powell (2003) for other
examples and discussions of endogeneity in semi/nonparametric regression models.

2The subscript ¢ denotes either the individual ¢ in a cross-sectional sample or the time period ¢ in a time-series

sample. Since the sample is strictly stationary we sometimes drop the subscript ¢ without confusion.



leads to an ill-posed inverse problem (see, e.g., (1999)). Consequently, some form of reg-
ularization is required for consistent nonparametric estimation of hg. In the literature there are
several popular methods of NPIV estimation, including but not limited to (1) finite-dimensional

sieve minimum distance estimators (Newey and Powell, [2003; |Ai and Chen| 2003; Blundell, Chen,|

land Kristensen, 2007)); (2) kernel-based Tikhonov regularization estimators (Hall and Horowitz,
12005; [Darolles, Fan, Florens, and Renault|, |2011}; Gagliardini and Scaillet} [2012)) and their Bayesian
version (Florens and Simoni, 2012)); (3) orthogonal series Tikhonov regularization estimators (Hall

land Horowitz, 2005); (4) orthogonal series Galerkin-type estimators (Horowitzl 2011)); (5) general

penalized sieve minimum distance estimators (Chen and Pouzo, 2012) and their Bayesian version

(Liao and Jiang), 2011). See [Horowitz (2011) for a recent review and additional references.

To the best of our knowledge, all the existing works on convergence rates for various NPIV

estimators have only studied L?-norm convergence rates. In particular, Hall and Horowitz| (2005)

are the first to establish the minimax risk lower bound in L?-norm loss for a class of mildly ill-

posed NPIV models, and show that their estimators attain the lower bound. Chen and Reiss| (2011])

derive the minimax risk lower bound in L?-norm loss for a large class of NPIV models that could
be mildly or severely ill-posed, and show that the sieve minimum distance estimator of
|Chen, and Kristensen| (2007) achieves the lower bound. Subsequently, some other NPIV estimators

listed above have also been shown to achieve the optimal L?-norm convergence rates. As yet there
are no published results on sup-norm (uniform) convergence rates for any NPIV estimators, nor
results on what are the minimax risk lower bounds in sup-norm loss for any class of NPIV models.

Sup-norm convergence rates for any estimators of hg are important for constructing uniform
confidence bands for the unknown hy in NPIV models and for conducting inference on nonlinear
functionals of hg, but are currently missing. In this paper we study the uniform convergence prop-

erties of the sieve minimum distance estimator of hg for the NPIV model, which is a nonparametric

series two-stage least squares regression estimator (Newey and Powell, 2003; Ai and Chen) 2003;

Blundell, Chen, and Kristensen| 2007). We focus on this estimator because it is easy to compute and

has been used in empirical work in demand analysis (Blundell, Chen, and Kristensen, 2007; Chen|

land Pouzol, 2009)), asset pricing (Chen and Ludvigson, 2009)), and other applied fields in economics.

Also, this class of estimators is known to achieve the optimal L?-norm convergence rates for both
mildly and severely ill-posed NPIV models.

We first establish a general upper bound (Theorem [2.1)) on the uniform convergence rate of a
sieve estimator, allowing for endogenous regressors and weakly dependent data. To provide sharp
bounds on the sieve approximation error or “bias term” we extend the proof strategy of
for sieve nonparametric least squares (LS) regression to the sieve NPIV estimator. Together,

these tools yield sup-norm convergence rates for the spline and wavelet sieve NPIV estimators



under i.i.d. data. Under conditions similar to those for the L?-norm convergence rates for the sieve
NPIV estimators, our sup-norm convergence rates coincide with the known optimal L?-norm rates
for severely ill-posed problems, and are power of log(n) slower than the optimal L?-norm rates for
mildly ill-posed problems. We then establish the minimax risk lower bound in sup-norm loss for hg
in a NPIR model (i.e., with a known compact T') uniformly over Hélder balls, which in turn
provides a lower bound in sup-norm loss for hg in a NPIV model uniformly over Holder balls. The
lower bound is shown to coincide with our sup-norm convergence rates for the spline and wavelet
sieve NPIV estimators.

To establish the general upper bound, we first derive a new exponential inequality for sums of
weakly dependent random matrices in Section [5| This allows us to weaken conditions under which
the optimal uniform convergence rates can be obtained. As an indication of the sharpness of our
general upper bound result, we show that it leads to the optimal uniform convergence rates for
spline and wavelet LS regression estimators with weakly dependent data and heavy-tailed error
terms. Precisely, for beta-mixing dependent data and finite (2 4+ 6)-th moment error term (for
9 € (0,2)), we show that the spline and wavelet nonparametric LS regression estimators attain the
minimax risk lower bound in sup-norm loss of [Stone (1982). This result should be very useful to
the literature on nonparametric estimation with financial time series.

The NPIV model falls within the class of statistical linear ill-posed inverse problems with
unknown operators and additive noise. There is a vast literature on statistical linear ill-posed
inverse problems with known operators and additive noise. Some recent references include but
are not limited to |Cavalier, Golubev, Picard, and Tsybakov| (2002), Cohen, Hoffmann, and Reiss
(2004) and |Cavalier| (2008]), of which density deconvolution is an important and extensively-studied
problem (see, e.g., |Carroll and Halll (1988); Zhang| (1990)); Fan (1991); [Hall and Meister| (2007));
Lounici and Nickl| (2011)). There are also papers on statistical linear ill-posed inverse problems
with pseudo-unknown operators (i.e., known eigenfunctions but unknown singular values) (see,
e.g., |Cavalier and Hengartner| (2005), Loubes and Marteau| (2012)). Related papers that allow
for an unknown linear operator but assume the existence of an estimator of the operator (with
rate) include |[Efromovich and Koltchinskii (2001), |Hoffmann and Reiss (2008) and others. To the
best of our knowledge, most of the published works in the statistical literature on linear ill-posed
inverse problems also focus on the rate optimality in L?-norm loss, except that of [Lounici and Nickl
(2011) which recently establishes the optimal sup-norm convergence rate for a wavelet density
deconvolution estimator. Therefore, our minimax risk lower bounds in sup-norm loss for the NPIR
and NPIV models also contribute to the large literature on statistical ill-posed inverse problems.

The rest of the paper is organized as follows. Section [2| outlines the model and presents a

general upper bound on the uniform convergence rates for a sieve estimator. Section [3] establishes



the optimal uniform convergence rates for the sieve NPIV estimators, allowing for both mildly and
severely ill-posed inverse problems. Section [4] derives the optimal uniform convergence rates for
the sieve nonparametric (least squares) regression, allowing for dependent data. Section [5| provides
useful exponential inequalities for sums of random matrices, and the reinterpretation of equivalence
of the theoretical and empirical L? norms as a criterion regarding convergence of a random matrix.
The appendix contains a brief review of the spline and wavelet sieve spaces, proofs of all the results

in the main text, and supplementary results.

Notation: ||| denotes the Euclidean norm when applied to vectors and the matrix spectral norm
(largest singular value) when applied to matrices. For a random variable Z let L(Z) denote the
spaces of (equivalence classes of) measurable functions of z with finite ¢-th moment if 1 < ¢ < oo
and let || - [[fa(z) denote the L(Z) norm. Let L°°(Z) denote the space of measurable functions of
z with finite sup norm | - ||eo. If A is a square matrix, Apmin(A4) and Apax(A) denote its smallest
and largest eigenvalues, respectively, and A~ denotes its Moore-Penrose generalized inverse. If

< b,, means there

~

{an : n > 1} and {b, : n > 1} are two sequences of non-negative numbers, a,,
exists a finite positive C' such that a, < Cb, for all n sufficiently large, and a, =< b, means
anp S by, and b, S a,. #(S) denotes the cardinality of a set S of finitely many elements. Let
BSpl(K, [0,1]¢,~) and Wav(K, [0, 1]¢,~) denote tensor-product B-spline (with smoothness 7) and
wavelet (with regularity 7) sieve spaces of dimension K on [0,1]¢ (see Appendix |A| for details on

construction of these spaces).

2 Uniform convergence rates for sieve NPIV estimators
We begin by considering the NPIV model

Yii = ho(Ya) + €

Ele|X;] = 0 @

where Y7 € R is a response variable, Y5 is an endogenous regressor with support Yo € R? and
X is a vector of conditioning variables (also called instruments) with support X C R%. The
object of interest is the unknown structural function hg : Yo — R which belongs to some infinite-
dimensional parameter space H C L?(Y2). It is assumed hereafter that hq is identified uniquely
by the conditional moment restriction . See Newey and Powell (2003)), [Blundell, Chen, and
Kristensen (2007), Darolles, Fan, Florens, and Renault| (2011)), |/Andrews (2011), |D’Haultfoeuille
(2011)), |Chen, Chernozhukov, Lee, and Newey| (2013) and references therein for sufficient conditions

for identification.



2.1 Sieve NPIV estimators

The sieve NPIV estimator due to Newey and Powell (2003), /A1 and Chen| (2003), and Blundell,
Chen, and Kristensen (2007)) is a nonparametric series two-stage least squares estimator. Let the
sieve spaces {¥; : J > 1} C L%}(Ys) and {Bk : K > 1} C L?(X) be sequences of subspaces
of dimension J and K spanned by sieve basis functions such that W; and Bg become dense in
H C L*(Y3) and L?(X) as J, K — oo. For given J and K, let {t1,...,%;;} and {bk1,...,bxk}
be sets of sieve basis functions whose closed linear span generates W; and By respectively. We
consider sieve spaces generated by spline, wavelet or other Riesz basis functions that have nice
approximation properties (see Section |3 for details).

In the first stage, the conditional moment function m(x,h) : X x H — R given by
m(x,h) = E[Y1 — h(Y2)|X = x] ()

is estimated using the series (least squares) regression estimator
Z b () (B'B)~b™ (Xi)(Yii — h(Yai)) (6)

where
bR (x) = (bri(2),... brr(z))

B = (bf(Xy1),...,05(X,)). ™)

The sieve NPIV estimator / is then defined as the solution to the second-stage minimization problem

h= - (X, h)? 8
g ;fggzan g ®

which may be solved in closed form to give

h(y2) = 97 (y2) [ B(B'B)” B'U)"W'B(B'B)"B'Y (9)
where
V() = Wn(y),....vss(y2))
v (! (Ya1), ..., 07 (Yan))' (10)
Y = (Yig,...,Yin).

Under mild regularity conditions (see Newey and Powell (2003), |Blundell, Chen, and Kristensen
(2007) and (Chen and Pouzo (2012)), h is a consistent estimator of kg (in both || - [ 22(vs) and || - [Joo
norms) as n,J, K — oo, provided J < K and J increases appropriately slowly so as to regularize

the ill-posed inverse problemﬁ We note that the modified sieve estimator (or orthogonal series

3Here we have used K to denote the “smoothing parameter” (i.e. the dimension of the sieve space used to estimate
the conditional moments in @) and J to denote the “regularization parameter” (i.e. the dimension of the sieve space
used to approximate the unknown hg). Note that|Chen and Reiss| (2011) use J and m, [Blundell, Chen, and Kristensen

(2007)) and |Chen and Pouzo| (2012) use J and k to denote the smoothing and regularization parameters, respectively.



Galerkin-type estimator) of Horowitz (2011 corresponds to the sieve NPIV estimator with J = K
and 7 () = b%(-) being orthonormal basis in L?(Lebesgue).

2.2 A general upper bound on uniform convergence rates for sieve estimators

We first present a general calculation for sup-norm convergence which will be used to obtain uniform
convergence rates for both the sieve NPIV and the sieve LS estimators below.

As the sieve estimators are invariant to an invertible transformation of the sieve basis functions,
we re-normalize the sieve spaces By and U; so that {EKl, .. ,ZKK} and {1;]1, .. ,{/;JJ} form
orthonormal bases for B and W ;. This is achieved by setting b¥ (z) = E[bX (X)bK (X)]|~1/25 (2)
where ~1/2 denotes the inverse of the positive-definite matrix square root (which exists under

Assumption (ii) below), with 1’ similarly defined. Let

B = (bK(Xy1),...,05(X,))

~ - (11)
v = (¢J<Y21)7---a¢J(Y2n))/

and define the J x K matrices N N
S = E[(Y2)b"(X)]

~ o (12)
S = 9¥'B/n.
Let J?IK = Amin(5S5"). For each h € ¥ ; define
K Th(-) = b5 () Ep" (X)(Th)(X)] = b5 (- E[p" (X)h(Y2)] (13)

which is the L?(X) orthogonal projection of Th(-) onto By. The variational characterization of

singular values gives

inf g Th <1. 14
he\qullh\IL2<Y2>:1H K Thlzee < 14

Finally, define P, as the second-stage empirical projection operator onto the sieve space ¥ ; after
projecting onto the instrument space Bg, viz.

Puho(y2) = 47 (42)[S(B'B/n)”5']"S(B'B/n)” B'Ho/n (15)
where H() = (ho(Ygl), ey ho(an))/.

We first decompose the sup-norm error as
Iho = hlloo < Ilho = Pahollc + || Pahio = Rl (16)

and calculate the uniform convergence rate for the “variance term” H?L — Ppho|loo in this section.

Control of the “bias term” ||ho — Pyhol|co is left to the subsequent sections, which will be dealt with

under additional regularity conditions for the NPIV model and the LS regression model separately.
Let Z; = (X;, Y1, Y2i) and Fiy = o(X;, Xi—1,€i-1, Xi—2,€i-2,...).



Assumption 1 (i) {Z;}2___ is strictly stationary, (i) X has support X = [0,1]¢ and Ys has

support Yo = [0,1]%, (iii) the distributions of X and Yo have density (with respect to Lebesgue

measure) which is uniformly bounded away from zero and infinity over X and Yo respectively.

The results stated in this section do not actually require that dim(X) = dim(Y3). However, most
published papers on NPIV models assume dim(X) = dim(Y3) = d and so we follow this convention

in Assumption 1(ii).

Assumption 2 (1) (¢;, Fi—1)°_ is a strictly stationary martingale difference sequence, (ii) the
conditional second moment Ele?|F;—1] is uniformly bounded away from zero and infinity, (i)
E[le;]**°] < 0o for some § > 0.

Assumption 3 (i) Sieve basis 1’ (-) is Hélder continuous with smoothnessy > p and SUPy, ey, 7 (y2)|| <
VI, (ii) Amin(E[07 (Y2)07 (Y2)]) > A > 0 for all J > 1.

In what follows, p > 0 indicates the smoothness of the function hg(-) (see Assumption [5| in
Section .

Assumption 4 (i) Sieve basis b (-) is Hélder continuous with smoothness v, > v > p and
sup,ex 165 (@) S VK, (ii) Auin (BT (X)X (X)]) > A >0 for all K > 1.

The preceding assumptions on the data generating process trivially nest i.i.d. sequences but
also allow for quite general weakly-dependent data. In an i.i.d. setting, Assumption ii) reduces
to requiring that E[e?|X; = ] be bounded uniformly from zero and infinity which is standard (see,
e.g., Newey| (1997); Hall and Horowitz| (2005)). The value of ¢ in Assumption [2{iii) depends on
the context. For example, 6 > d/p will be shown to be sufficient to attain the optimal sup-norm
convergence rates for series LS regression in Section [4] whereas lower values of § suffice to attain
the optimal sup-norm convergence rates for the sieve NPIV estimator in Section [3] Rectangular
support and bounded densities of the endogenous regressor and instrument are assumed in Hall
and Horowitz (2005). Assumptions [3(i) and [i) are satisfied by many widely used sieve bases
such as spline, wavelet and cosine sieves, but they rule out polynomial and power series sieves
(see, e.g., Newey]| (1997); Huang| (1998))). The instruments sieve basis b (-) is used to approximate
the conditional expectation operator Th = E[h(Y2)|X = -), which is a smoothing operator. Thus
Assumption (1) assumes that the sieve basis b (-) (for T'h) is smoother than that of the sieve basis
W () (for h).

In the next theorem, our upper bound on the “variance term” ||E — P, ho||o holds under general
weak dependence as captured by Condition (ii) on the convergence of the random matrices B'B /n—
Ix and S—S.



Theorem 2.1 Let Assumptions[1], [3 [J and [ hold. If ok > 0 then:
1o = Blloe < 10 = Paioloc + Oy (o7 /K (log ) /n)
provided n, J, K — co and

(i) J< K, K< (n/logn)®®  and 075-/K(logn)/n <1

(ii) o5k (WB'B/n) — Il + 115 - S1I) = Op(/Togm)/E) = 0,(1).

The restrictions on J, K and n in Conditions (i) and (ii) merit a brief explanation. The re-
striction J < K merely ensures that the sieve NPIV estimator is well defined. The restriction
K < (n/logn)% @+ is used to perform a truncation argument using the existence of (2 + §)-th
moment of the error terms (see Assumption [2)). Condition (ii) ensures that J increases sufficiently
slowly that with probability approaching one the minimum eigenvalue of the “denominator” ma-
trix W'B(B'B)” B’V /n is positive and bounded below by a multiple of 0%, thereby regularizing
the ill-posed inverse problem. It also ensures the error in estimating the matrices (B’B/n) and S

vanishes sufficiently quickly that it doesn’t affect the convergence rate of the estimator.

Remark 2.1 Section E’i] provides very mild low-level sufficient conditions for Condition (ii) to
hold under weakly dependent data. In particular, when specializing Corollary to i.i.d. data
{(Xi,Y2)}, (also see Lemma[5.3), under Assumptions[d and[f] and J < K, we have:

I(B'B/n) — Ik || = Op(v/K(og K)/n), ||IS— S|l = Op(v/K(log K)/n).

3 Optimal uniform convergence rates for sieve NPIV estimators

3.1 Upper bounds on uniform convergence rates for sieve NPIV estimators

We now exploit the specific linear structure of the sieve NPIV estimator to derive uniform conver-
gence rates for the mildly and severely ill-posed cases. Some additional assumptions are required
so as to control the “bias term” ||hg — P,hollcc and to relate the estimator to the measure of
ill-posedness.

p-smooth Holder class of functions. We first impose a standard smoothness condition on
the unknown structural function hg to facilitate comparison with [Stone (1982)’s minimax risk lower
bound in sup-norm loss for a nonparametric regression function. Recall that Ys = [0, 1]d. Deferring
definitions to [Triebel (2006, 2008), we let BY ([0, 1]?) denote the Besov space of smoothness p on
the domain [0, 1]% and || - || pr,, denote the usual Besov norm on this space. Special cases include the
Sobolev class of smoothness p, namely Bg’Q([O, 1]%), and the Holder-Zygmund class of smoothness
p, namely B «([0,1]9). Let B(p, L) denote a Hélder ball of smoothness p and radius 0 < L < oo,
i.e. B(p,L) = {h € B% ~([0,1]%) : 1Pz, . < L}.



Assumption 5 hg € H = B% ([0, 1]%) for some p > d/2.

Assumptions [3{ and |5 imply that there is m;hg € ¥ such that ||hg — 7 ho||ec = O(JP/4).
Sieve measure of ill-posedness. Let 7" : L9(Y2) — L9(X) denote the conditional expectation
operator for 1 < g < oo:
Thz) = E[h(Ya0)|X: = 2]. (7)

When Y5 is endogenous, T' is compact under mild conditions on the conditional density of Y5 given

X. For ¢’ > ¢ > 1, we define a measure of ill-posedness (over a sieve space ¥ ;) as

”hHLq’(YQ)

Tqq',J = sup (18)

hew ;2| Thil pagxy20 Tl Loy~

The 75 2 ; measure of ill-posedness is clearly related to our earlier definition of o ;. By definition

. inf T Th| 2 x) < inf IThl| 2(x) = (T2,2,0) "
he¥ sl 2y, =1 X) heW :(Ihll L2 (v, =1 %)

when J < K. The sieve measures of ill-posedness, 92 ; and 0311(, are clearly non-decreasing in J.
In Blundell, Chen, and Kristensen| (2007)), Horowitz (2011]) and |Chen and Pouzo| (2012), the NPTV
model is said to be

o mildly ill-posed if 799 5 = O(Js/%) for some ¢ > 0;

o severely ill-posed if 755 ; = O(exp(3.J5/?)) for some ¢ > 0.

These measures of ill-posedness are not exactly the same as (but are related to) the measure
of ill-posedness used in [Hall and Horowitz (2005) and |Cavalier| (2008). In the latter papers, it is
assumed that the compact operator T : L?(Y2) — L?(X) admits a singular value decomposition
{1tk 1y Pok 721, where {py}32, are the singular numbers arranged in non-increasing order (py, >
pr1 N\ 0), {d1(y2) 152, and {dor(x)}32, are eigenfunction (orthonormal) bases for L?(Y2) and
L?(X) respectively, and ill-posedness is measured in terms of the rate of decay of the singular
values towards zero. Denote T™ as the adjoint operator of T: {T%¢}(Y2) = E[g(X)|Y2], which maps
L?(X) into L?(Y3). Then a compact T implies that T*, T*T and TT* are also compact, and that
To1r = prdor and T*por = pxp1x for all k. We note that [|Th|[2x) = ||(T*T)1/2h||L2(y2) for all
h € Dom(T). The following lemma provides some relations between these different measures of

ill-posedness.

Lemma 3.1 Let the conditional expectation operator T : L*(Ys) — L%(X) be compact and injective.
Then: (1) o5 > Tang > 1/uy; (2) If the sieve space Wy spans the closed linear subspace (in
L%(Ys)) generated by {¢1x : k =1,...,J}, then: 7005 < 1/uy; (3) If, in addition, J < K and the
sieve space By contains the closed linear subspace (in L?(X)) generated by {¢or: k=1,...,J},

then: a;}( < 1/ps and hence ajll( =Tp07=1/1;.



Lemma 3.1 parts (1) and (2) is Lemma 1 of Blundell, Chen, and Kristensen| (2007, while Lemma
m part (3) is proved in the Appendix. We next present a sufficient condition to bound the sieve

. ~1
measures of ill-posedness o and T2 ;.

Assumption 6 (sieve reverse link condition) There is a continuous increasing function ¢ :
Ry — Ry such that: (a) \]Th][%2(x) 2~2j:1 (7Y E[h(Y2)s(Y2)]|? for all h € Wy; or (b)
KT, ) 2 S (D E(Ya) s (V)] for all b€ Wy

It is clear that Assumption [6[b) implies Assumption [6a). Assumption [6](a) is the so-called
“sieve reverse link condition” used in (Chen and Pouzo| (2012), which is weaker than the “reverse
link condition” imposed in (Chen and Reiss| (2011) and others in the ill-posed inverse literature:
TRl 2y 2 2252 0 (72| E[h(Ya);(Ya)]? for all h € B(p, L). We immediately have the fol-

lowing bounds:

—-1/2

Remark 3.1 (1) Assumption @(a) implies that T2 7 < ((p(J*Q/d)) . (2) Assumption @(b) im-

plies that 997 < 075 < (‘P(J_Q/d))_lm‘

Given Remark in this paper we could call a NPIV model
o mildly ill-posed if o5 = O(J*/?) or p(t) =t for some s > 0;
o severely ill-posed if o} = O(exp(%Jg/d)) or ¢(t) = exp(—t—</?) for some ¢ > 0.
Define

ooy = _inf  HgThflos < (Too0s) - (19)
heW =1

Assumption 7 (i) The conditional expectation operator T : L1(Ys) — L%U(X) is compact and
injective for ¢ =2 and q = oo, (ii) ao_ol’JKHHKT(hO —77ho)|lco < |lRo — TR0l co-

Assumption m(ii) is a sup-norm analogue of the so-called “stability condition” imposed in the
ill-posed inverse regression literature, such as Assumption 6 of Blundell, Chen, and Kristensen
(2007) and Assumption 5.2(ii) of |Chen and Pouzo| (2012]).

To control the “bias term” ||P,ho — ho||co, we will use spline or wavelet sieves in Assumptions
and [4] so that we can make use of sharp bounds on the approximation error due to [Huang (20()3)E|
Control of the “bias term” ||P,ho — ho||so is more involved in the sieve NPIV context than the sieve
nonparametric LS regression context. In particular, control of this term makes use of an additional
argument using exponential inequalities. To simplify presentation, the next theorem just presents

the uniform convergence rate for sieve NPIV estimators under i.i.d. data.

4The key property of spline and wavelet sieve spaces that permits this sharp bound is their local support (see the
appendix to Huang] (2003))). Other sieve bases such as orthogonal polynomial bases do not have this property and are

therefore unable to attain the optimal sup-norm convergence rates for NPIV or nonparametric series LS regression.
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Theorem 3.1 Let Assumptions @ @ (with Wy = BSpl(J, [0,1]%,7) or Wau(J,[0,1]%,~)), |4 (with
By = BSpl(K, [0,1]4,7,) or Wav(K, [0,1]¢,7,)), @ andlj hold. If {(X;,Yai)}-y is i.i.d. then:

1ho — hlleo = Op(J P4 4+ 075 \/K (logn) /n)

provided J < K, K < (n/logn)® 49 and o K+\/(logn)/n <1 asn,J, K — .
(1) Mildly ill-posed case (o5 = O(J/%) or p(t) = t°). If Assumption holds with § > d/(s+p),
and J = K = (n/logn)¥Cet)+d) with K/J — ¢g > 1, then:

|ho — Blco = Op((n/ log n)~P/CE+I+d),

(2) Severely ill-posed case (o = O(exp(3J9/%)) or ¢(t) = exp(—t~/%)). If Assumption@
holds with § > 0, and J = cj(logn)¥s for any ¢y € (0,1) with K = coJ for some finite cg > 1,
then:

1ho = Blloe = Op((logn)~7/*).

Remark 3.2 Under conditions similar to those for Theorem [3.1], [Blundell, Chen, and Kristensen
(2007), |Chen and Reiss (2011) and |Chen and Pouzo (2012) previously obtained the following

L%(Y3)-norm convergence rate for the sieve NPIV estimator:
1o = Rll gy = Op(J 7" 4 72,5 VK ).
(1) Mildly ill-posed case (1225 = O(J/) or p(t) =t°),
1o = ll vy = Op(n~#/CEEHIHD)
(2) Severely ill-posed case (12,25 = O(exp(3J9/4)) or ¢(t) = exp(—t~</2)),
1o = hll2(y;) = Op((logn) 7).

Chen and Reiss| (2011) show that these L?(Y2)-norm rates are optimal in the sense that they
coincide with the minimax risk lower bound in L?(Y3) loss. It is interesting to see that our sup-
norm convergence rate is the same as the known optimal L?(Y3)-norm rate for the severely ill-posed
case, and is only power of log(n) slower than the known optimal L?(Y3)-norm rate for the mildly
ill-posed case. In the next subsection we will show that our sup-norm convergence rates are in fact

optimal as well.

3.2 Lower bounds on uniform convergence rates for NPIR and NPIV models

For severely ill-posed NPIV models, |Chen and Reiss (2011) already showed that (logn) P/ is

the minimax lower bound in L?(Y3)-norm loss uniformly over a class of functions that include

11



the Holder ball B(p, L) as a subset. Therefore, we have for a severely ill-posed NPIV model with
dn, = (log n)_p/g,

inf sup P (Hh — Pnloo > cén) >inf sup P, <||h —ﬁnHLz(yQ) > cén) >
hn h€B(p,L) hn h€B(p,L)

where infﬁn denotes the infimum over all estimators based on a random sample of size n drawn
from the NPIV model, and the finite positive constants ¢, ¢ do not depend on sample size n. This
and Remark (2) together imply that the sieve NPIV estimator attains the optimal uniform
convergence rate in the severely ill-posed case.

We next show that the sup-norm rate for the sieve NPIV estimator obtained in the mildly ill-
posed case is also optimal. We begin by placing a primitive smoothness condition on the conditional

expectation operator T : L?(Ys) — L?(X).
Assumption 8 There is a ¢ > 0 such that [|Th|[r2x) < ||h||B;; for all h € B(p,L).

Assumption [8]is a special case of the so-called “link condition” in|Chen and Reiss (2011) for the
mildly ill-posed case. It can be equivalently stated as: HTh||%2(X) NP (YN E[h(Y2).(Ya)])?
for all h € B(p, L), with (t) = t for the mildly ill-posed case. Under this assumption, 7/ (2(p+<)+d)
is the minimax risk lower bound uniformly over the Holder ball B(p, L) in L?(Y3)-norm loss for
the mildly ill-posed NPIR and NPIV models (see |[Chen and Reiss| (2011)). We next establish the

corresponding minimax risk lower bound in sup-norm loss.

Theorem 3.2 Let Assumption@ hold for the NPIV model with a random sample {(Y1;, Yai, X;) }7 ;.
Then:
liminfinf sup Py <Hh — Bl > ¢(n/log n)_p/(Q(p+<)+d)> > >0,

n=%  h, heB(p,L)
where inf;  denotes the infimum over all estimators based on the sample of size n, and the finite

positive constants c,c do not depend on n.

As in |Chen and Reiss (2011), Theorem is proved by (i) noting that the risk (in sup-norm
loss) for the NPIV model is at least as large as the risk (in sup-norm loss) for the NPIR model,
and (ii) calculating a lower bound (in sup-norm loss) for the NPIR model. We consider a Gaussian

reduced-form NPIR model with known operator T, given by

Yi, = ThO(XZ)+u27 izlw":”a

20
ui|X; ~ N(0,0%(X;)) with inf,o%(z) > o2 >0. (20)

Theorem therefore follows from a sup-norm analogue of Lemma 1 of |Chen and Reiss| (2011) and
the following theorem, which establishes a lower bound on minimax risk over Holder classes under

sup-norm loss for the NPIR model.
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Theorem 3.3 Let Assumption[§ hold for the NPIR model (20) with a random sample {(Y1s, Xi)};.
Then:

liminfinf sup Py <||h — halloe = ¢(n/ log n)_p/(Q(p+§)+d)> >d >0,
n—=00 h, heB(p,L)
where infy  denotes the infimum over all estimators based on the sample of size n, and the finite

positive constants ¢, depend only on p,L,d,s and og.

4 Optimal uniform convergence rates for sieve LS estimators

The standard nonparametric regression model can be recovered as a special case of in which

there is no endogeneity, i.e. Yo = X and

Yii = ho(Xi)+e

Elg|Xi] = 0 2D

in which case ho(z) = E[Y1;|X; = ).

Stone| (1982)) (also see Tsybakov| (2009)) establishes that (n/logn)~?/(?»+4) is the minimax risk
lower bound in sup-norm loss for the nonparametric LS regression model with hg € B(p, L). In
this section we apply the general upper bound (Theorem to show that spline and wavelet sieve
LS estimators attain this minimax lower bound for weakly dependent data allowing for heavy-tailed
error terms e;.

Our proof proceeds by noticing that the sieve LS regression estimator
h(z) = b (2)(B'B)"B'Y (22)

obtains as a special case of the NPIV estimator by setting Yo = X, ¢/ = b%, J = K and v = ~,.
In this setting, the quantity P,ho(x) just reduces to the orthogonal projection of hg onto the sieve

space Bi under the inner product induced by the empirical distribution, viz.
P,ho(z) = b5 (2)(B'B/n)”"B'Hy/n.. (23)

Moreover, in this case the J x K matrix S defined in reduces to the K x K identity matrix
Iy and its smallest singular value is unity (whence o5 = 1). Therefore, the general calculation
presented in Theorem can be used to control the “variance term” ||h — P,hol|co- The “bias

term” || Ppho — hol|oo is controlled as in Huang) (2003). It is worth emphasizing that no explicit weak

o0

dependence condition is placed on the regressors {X;}°__ . Instead, this is implicitly captured by

Condition (i) on convergence of B'B/n — Ix.
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Theorem 4.1 Let Assumptions @ (with Bx = BSpl(K, [0,1]%,~) or Wauv(K,[0,1]%,7)) and@
hold for Model . Then:

1= holleo = Op(K /" + \/K (log n)/n)
provided n, K — oo, and
(i) K S (n/1ogn)/ ) and \/K(logn)/n < 1
(ii) |(B'B/n) — Ik = Op(+/(logn)/K) = op(1).

Condition (ii) is satisfied by applying Lemma for i.i.d. data and Lemma for weakly
dependent data. Theorem shows that spline and wavelet sieve LS estimators can achieve this

minimax lower bound for weakly dependent data.

Corollary 4.1 Let Assumptions @ (with § > d/p), (with B = BSpl(K, [0,1]%,7) or Wav(K,[0,1]¢,7))
and@ hold for Model . If K =< (n/logn)¥Cr+d) then:

7= hollos = Op((n/ log n)~#/ P+
provided that one of the followings is satisfied
(1) the regressors are i.i.d.;
(2) the regressors are exponentially S-mizing and d < 2p;

(3) the regressors are algebraically S-mizing at rate v and (2 + ~y)d < 27yp.

Corollary states that for i.i.d. data, Stone’s optimal sup-norm convergence rate is achieved
by spline and wavelet LS estimators whenever § > d/p and d < 2p (Assumption. If the regressors
are exponentially S-mixing the optimal rate of convergence is achieved with § > d/p and d < 2p.
The restrictions 6 > d/p and (2 4+ v)d < 2vp for algebraically f-mixing (at a rate ) reduces
naturally towards the exponentially mixing conditions as the dependence becomes weaker (i.e.
becomes larger). In all cases, a smoother function (i.e., bigger p) means a lower value of 4, and
therefore heaver-tailed error terms ¢;, are permitted while still obtaining the optimal sup-norm
convergence rate. In particular this is achieved with § = d/p < 2 for i.i.d. data. Recently, |Belloni
et al.| (2012)) require that the conditional (2 4+ 7)th moment (for some n > 0) of ¢; be uniformly

bounded for spline LS regression estimators to achieve the optimal sup-norm rate for i.i.d. dataﬁ

®Chen would like to thank Jianhua Huang for working together on an earlier draft that does achieve the optimal
sup-norm rate for a polynomial spline LS estimator with i.i.d. data, but under a stronger condition that F[ef|X; = ]

is uniformly bounded in =x.
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Uniform convergence rates of series LS estimators have also been studied by Newey| (1997)),|de Jong
(2002), [Song| (2008), Lee and Robinson| (2013) and others, but the sup-norm rates obtained in these
papers are slower than the minimax risk lower bound in sup-norm loss of |Stone (1982)@ Our result
is the first such optimal sup-norm rate result for a sieve nonparametric LS estimator allowing for
weakly-dependent data with heavy-tailed error terms. It should be very useful for nonparametric

estimation of financial time-series models that have heavy-tailed error terms.

5 Useful results on random matrices

5.1 Convergence rates for sums of dependent random matrices

In this subsection a Bernstein inequality for sums of independent random matrices due to [Tropp
(2012) is adapted to obtain convergence rates for sums of random matrices formed from S-mixing
(absolutely regular) sequences, where the dimension, norm, and variance measure of the random
matrices are allowed to grow with the sample size. These inequalities are particularly useful for es-
tablishing convergence rates for semi/nonparametric sieve estimators with weakly-dependent data.
We first recall a result of [Tropp (2012).

Theorem 5.1 (Tropp (2012)) Let {=;}! , be a finite sequence of independent random matrices

with dimensions dy X da. Assume E[Z;] =0 for each i and maxi<i<p ||Zi]| < Ry, and define

= —t2/2
P il >t <(d1+d —— .
(Z - >_(1+ 2)exp(o%+Rnt/3>
Corollary 5.1 Under the conditions of Theorem 1}, if Ry+/log(dy + d2) = o(oy,) then

=1
n

—_
§ =
—i,n

i=1

r—| _—
— -
\_4 j—7

Then for all t > 0,

= Op(on/1og(di + da)) .

We now provide a version of Theorem and Corollary for matrix-valued functions of

[-mixing sequences. The S-mixing coefficient between two o-algebras A and B is defined as

28(A,B)=sup Y [P(A;N Bj) - P(A)P(By)] (24)
(4,5)eIxJ

5See, e.g., [Hansen| (2008), Masry| (1996)), |Cattaneo and Farrell (2013) and the references therein for the optimal
sup-norm convergence rates of a conditional mean function via the kernel, local linear regression and partitioning

estimators of a conditional mean function.
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with the supremum taken over all finite partitions {A;}ic;r C A and {B;}je; C B (Doukhan,
Massart, and Rio|, [1995)). The gth S-mixing coefficient of {X;}$° _ is defined as

Blq) =supB(o(..., Xi—1,X;), 0(Xitg, Xitgt1,--.)) - (25)

The process { X;}5°
and geometrically B-mizing if B(q) < cexp(—vyq) for some v > 0 and ¢ > 0. The following extension

is said to be algebraically S-mixing at rate v if ¢?73(q) = o(1) for some v > 1,

1=—00

of Theorem is made using a Berbee’s lemma and a coupling argument (see, e.g., [Doukhan et al.
(1995)).

Theorem 5.2 Let {X;}5°
each i where =, : X — RU*% s q sequence of measurable dy x dy matriz-valued functzons Assume
E[Zin] =0 and |2 0| < Ry for eachi and define s2 = maxi<; j<n, max{ || E[Z; ,= nZs I N EIEL  Ehnll}-
Let q be an integer between 1 and n/2 and let I, = q[n/q] + 1,...,n when q[n/q] <nandI, =0
when g[n/q) = n. Then for all t > 0,

P( 26t)§7;6(q)+19><

(where || 3 e, =i,
Corollary 5.2 Under the conditions of Theorem if ¢ = q(n) is chosen such that 5(q) = o(1)

and Ry+\/qlog(di + d2) = o(sn+/n) then

—_—
— .
—,n

=1

® _ be a strictly stationary B-mizing sequence and let =; , = E,(X;) for

n

—_
— .
—7,n

=1

—
— .
—,n

i€l

> t) 2l + e (L)

ngs2 + qR,t/3

= Op(spv/nglog(di + dz)) .

5.2 Empirical identifiability

This subsection provides a readily verifiable condition under which, with probability approaching
one (wpal), the theoretical and empirical L? norms are equivalent over a linear sieve space. This
equivalence, referred to by |Huang| (2003) as empirical identifiability, has several applications in
nonparametric sieve estimation. In the context of nonparametric series regression, empirical iden-
tifiability ensures the estimator is the orthogonal projection of Y onto the sieve space under the
empirical inner product and is uniquely defined (Huang), [2003). Empirical identifiability is also used
to establish the large-sample properties of sieve conditional moment estimators (Chen and Pouzo),
2012)). A sufficient condition for empirical identifiability is now cast in terms of convergence of a
random matrix, which we verify for i.i.d. and S-mixing sequences.

A subspace A C L?(X) is said to be empirically identifiable if 1 > | b(X;)* = 0 implies b =0
a.e-[Fx] where Fx dentoes the distribution of X. A sequence of spaces {Ax : K > 1} C L*(X) is
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empirically identifiable wpal as K = K(n) — oo with n if

i iy a(Xi)? — Bla(X)?]
Ela(X)?]

lim P ( sup

n—oo ac€Ag

> t> =0 (26)

for any ¢ > 0. Huang (1998) uses a chaining argument to provide sufficient conditions for over
the linear space By under i.i.d. sampling. Chen and Pouzo (2012) use this argument to establish
convergence of sieve conditional moment estimators. Although easy to establish for i.i.d. sequences,
it may be difficult to verify via chaining arguments for certain types of weakly dependent
sequences. To this end, the following is a readily verifiable sufficient condition for empirical iden-
tifiability for linear sieve spaces. Let Bx = clsp{bk1,...,bx K} denote a general linear sieve space

and let B = (b5 (X1),...,b%(X,))" where bX () is the orthonormalized vector of basis functions.
Condition 5.1 Apin(E[X (X)X (X)]) > 0 for each K > 1 and |B'B/n — Ix| = 0,(1).

Lemma 5.1 If Apin (E[BX (X)X (X)']) > 0 for each K > 1 then

Ly b(X,)? — E[b(X)?
N EB(X)?]

= ||B'B/n — Ix|*.

Corollary 5.3 Under Condition[5.1], By is empirically identifiable wpal.

Condition is a sufficient condition for with a linear sieve space Bx. It should be noted
that convergence is only required in the spectral norm. In the i.i.d. case this allows for K to increase

more quickly with n than is achievable under the chaining argument of Huang (1998)). Let

Co(K) = sup 16" ()] (27)

as in [Newey]| (1997). Under regularity conditions, (o(K) = O(v/K) for tensor products of splines,
trigonometric polynomials or wavelets and (o(K) = O(K) for tensor products of power series or
polynomials (Newey, 1997; [Huang, |1998). Under the chaining argument of Huang (1998|),
is achieved under the restriction (o(K)2K/n = o(1). Huang (2003) relaxes this restriction to
K(logn)/n = o(1) for a polynomial spline sieve. We now generalize this result by virtue of Lemma

and exponential inequalities for sums of random matrices.
Lemma 5.2 If {X;}", is i.i.d. and Apin(E[VE (X)X (X)']) > A > 0 for each K > 1, then
I(B'B/n) = Iicll = Op(G(K) V/ (10g K) /)

provided (o(K)?(log K)/n = o(1).
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Remark 5.1 If {X;}!' ;| is ii.d., K(logK)/n = o(1) is sufficient for sieve bases that are tensor
products of splines, trigonometric polynomials or wavelets, and K*(log K)/n = o(1) is sufficient

for sieve bases that are tensor products of power series or polynomials.

The following lemma is useful to provide sufficient conditions for empirical identifiability for

B-mixing sequences, which uses Theorem

Lemma 5.3 If {X;}°__ is strictly stationary and B-mizing with mizing coefficients such that one
can choose an integer sequence q = q(n) < n/2 with B(q)n/q = o(1) and Ami (E[DX (X)X (X)) >

A >0 for each K > 1, then
I(B'B/n) — Ixll = O,(¢o(K)V/a(log K) /n)
provided (o(K)?qlog K/n = o(1).

Remark 5.2 If {X;}3° __ is algebraically 3-mizing at rate v, Kn'/1+) (log K)/n = o(1) is suffi-
cient for sieve bases that are tensor products of splines, trigonometric polynomials or wavelets, and
K24 (log K) /n = o(1) is sufficient for sieve bases that are tensor products of power series or

polynomials.

Remark 5.3 If {X;}° is geometrically B-mizing, K (logn)?/n = o(1) is sufficient for sieve

1=—00
bases that are tensor products of splines, trigonometric polynomials or wavelets, and K?(logn)?/n =

o(1) is sufficient for sieve bases that are tensor products of power series or polynomials.

A Brief review of B-spline and wavelet sieve spaces

We first outline univariate B-spline and wavelet sieve spaces on [0, 1], then deal with the multivariate case

by constructing a tensor-product sieve basis.

B-splines B-splines are defined by their order m > 1 and number of interior knots N > 0. Define the
knot set

tomo)y ==t <t1 <...<ty <tnp1=...=tNtm (28)
where we normalize {p = 0 and ¢y4+1 = 1. The B-spline basis is then defined recursively via the De Boor
relation. This results in a total of K = N +m splines which together form a partition of unity. Each spline is
a polynomial of degree m — 1 on each interior interval Iy = [to,1),...,In = [tn,tn+1] and is (m — 2)-times
continuously differentiable on [0, 1] whenever m > 2. The mesh ratio is defined as

maxo<n<n (tnt1 — tn)

mesh(K) = (29)

minOSnéN(tn+1 - tn) .
We let the space BSpl(K, [0, 1]) be the closed linear span of these K = N+m splines. The space BSpl(K, [0, 1])
has wniformly bounded mesh ratio if mesh(K) < k for all N > 0 and some k € (0,00). The space
BSpl(K, [0,1]) has smoothness v = m — 2, which is denoted as BSpl(K, [0, 1],7) for simplicity. See [De
Boor| (2001)) and [Schumacker| (2007)) for further details.
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Wavelets We follow the construction of (Cohen et al.| (1993alb]) for building a wavelet basis for [0, 1]. Let
(¢, 1) be a father and mother wavelet pair that has N vanishing moments and support(¢) = support(¢) =
[0,2N —1]. For given j, the approximation space V; wavelet space W; each consist of 27 functions {¢;x }1<x<ai
and {1, }1<k<os respectively, such that {¢;i }1<k<2i_on and {¥jr}1<r<2i_on are interior wavelets for which
bin(-) = 22/2¢(27(-) — k) and ;x(-) = 29/24p(27(-) — k), complemented with another N left-edge functions
and N right-edge functions. Choosing L > 1 such that 2% > 2N, we let the space Wav (K, [0, 1]) be the closed

linear span of the set of functions
Wry={¢mr:1<k<2"}Uu{gjr:k=1,....,.2% andj=1L,...,J -1} (30)

for integer J > L, and let K = #(Wr ;). We say that Wav(K, [0, 1]) has regularity v if ¢ and ¢ are both ~
times continuously differentiable, which is denoted as Wav (K, [0, 1],~) for simplicity.

Tensor products To construct a tensor-product B-spline basis of smoothness 7 for [0,1]¢ with d > 1,
we first construct d univariate B-spline bases for [0, 1], say G; with G; = BSpl(k, [0, 1]) and smoothness ~y
for each 1 < i < d. We then set K = k? and let BSpl(K, [0, 1]%) be spanned by the unique &% functions given
by ngl gi with g; € G; for 1 < i < d. The tensor-product wavelet basis Wav (K, [0,1]?) of regularity ~ for
[0,1]¢ is formed similarly as the tensor product of d univariate Wavelet bases of regularity 7 (see [Triebel
(2006, 12008)).

Wavelet characterization of Besov norms Let f € B ,([0,1]%) have wavelet expansion

o

oo (oo}
F=Y o+ > bl (31)
k=—oc0 j=L k=—
where {¢rk, Vi };r are a Wavelet basis with regularity v > «. Equivalent norms to the B  and Bf,

norms may be formulated equivalently in terms of the wavelet coefficient sequences {ax}7° and {b;x}; k,

namely || - o2

0,00

and || - |log,, given by

.
Ilbss = oI+ (Z526(27 b0, (DI)?)

supy, |ax (f)| + sup; , 27D by (f))|
1/2 (32)

where |lacy(f)]| and |[b;.y(f)|| denote the infinite-dimensional Euclidean norm for the sequences {ax(f)}x
and {b;r(f)}x (see, e.g., Johnstone| (2013) and [Triebel (2006}, 2008)).

B Proofs of main results

B.1 Proofs for Section [2

Proof of Theorem [2.1] It is enough to show that Hﬁ — Poholloo = Oploy /K (logn)/n). First write

h(y2) = Paho(yz) = 47 (y2)'[S(B'B/n)~S'|"S(B'B/n)"B'e/n (33)
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where e = (e1,...,€,). Convexity of Vs (Assumption ii)), smoothness of 7 (Assumption 1)) and the

mean value theorem provide that, for any (y,y*) € V3,

[h(y) — Paho(y) — (h(y*) — Puho(y™))] = (&7 (y) — 47 (y*))'[S(B'B/n)~S'|S(B'B/n)~B'e/n| (34)

= |y~ vV () [S(B'B/n)~ 8| S(B'B/n)” B'e/n|(35)
< J*y—y*|I[S(B'B/n)~8')"S(B'B/n)"'B'e/n|| (36)
for some y** in the segment between y and y*, and some « > 0 (and independent of y and y*).

We first show that Ty := ||[S(B'B/n)~8'|~5(B'B/n)~B'e/n| = op(1). By the triangle inequality and

properties of the matrix spectral norm,
T < (|[S(B'B/n)"8)"S(B'B/n)” —[SS']7'S| + I[SS]S|)| B'e/nl| (37)
whence by Lemma (under condition (ii) of the Theorem), wpal
T S {oskl(BB/n) — 1kl + 052 (I8 = S|+ 1(B'B/n) - Ix|) + o5k P Befnll. (38)

Noting that ||B'e/n|| = O,(/K/n) (by Markov’s inequality under Assumptions [2| and , it follows by
conditions (i) and (ii) of the Theorem that Ty = 0,(1). Therefore, for any fixed M > 0 we have
limsupP(H[ (B'B/n)~8')"S(B'B/n)~B'e/n|| > M) =0. (39)
n—oo
Let %, denote the event ||[S(B'B/n)~S'|~S(B'B/n)~B'e/n|| < M and observe that P(#¢) = o(1). On
B, for any C > 1, a finite positive § = 5(C) and v = v(C) can be chosen such that

Tllyo — 1 IIS(B'B/n)~ ')~ S(B'B/n)~B'e/n|| < Coyjc\/K(logn)/n (40)
whenever |lyg — y1]] < Sn~7. Let S,, be the smallest subset of ) such that for each y € )5 there exists a
Yn € Sy with ||y, —yl| < Bn~7. For any y € Vs let y,,(y) denote the y,, € S,, nearest (in Euclidean distance)
to y. Therefore,

7(y) — Paho(y) — ((yn(y)) — Puho(yn()))| < Coyk /K (ogn)/n (41)

for any y € ), on %,
For any C > 1, straightforward arguments yield

P (HE — Puhollse > 4Co7 L K(logn)/n)

< P({Ilh - Pahollw > 4Co7k/K(logn)/n} N %, ) + P(#5) )
s P <{;g§2 [B(y) = Paho(y) = ((ya () = Paho(ya())| = 2C0 K(logn)/n} ﬂ%)

+ ({ s i) = Putotn)| = 200 /RTogm) 1| 01 %, ) + B(275) (13)
- ({yrfé"xn 1) = Paho(yn)| = 2097 K(logn)/n} ﬂ%n) +o(1) (44)
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where the final line is by and the fact that P(%%) = o(1). For the remaining term:

P ({ max [h(yn) — Puho(yn)| = 2Co 7k +/K (log n) /n} N %)

Yn€Sn

IN

P ( max |7 (y,)'[S(B'B/n)~8']"S(B'B/n)” B'e/n| > 2Co 1 /K (logn) /n> (45)

Yn €ESn

IA

P (s 19700 (5B B /)51 S(B'B/n) ~ 158'1728)Befn] > Coyley/Rllogm)/n ) (46

Yn ESn

—HP’(max 107 (yn)'[SS') " SB'e/n| > Cosj: K(logn)/n) . (47)

y‘ll ESTL

It is now shown that a sufficiently large C' can be chosen to make terms and arbitrarily small as
n, J, K — co. Observe that S,, has cardinality < n” for some v = v(C) € (0, 00) under Assumption [If(ii).
Control of (46)): The Cauchy-Schwarz inequality and Assumption [3|yield

107 () {[S(B'B/n)~8')~S(B'B/n)~ — [SS'] 'S} B'e/n|
< VIIIS(B'B/n)=8')"S(B'B/n)~ — [SS'|7'S|| x O(v/K/n) (48)

uniformly for y,, € S, (recalling that ||B’e/n|| = O,(y/K/n) under Assumptions [2| and . Therefore, (46

will vanish asymptotically provided
Ty := 0,5V J||[S(B'B/n)~ 8"~ S(B'B/n)~ — [S5']715||/\/logn = 0,(1). (49)

Under condition (ii), the bound

o S VI {I(B'B/n) - Ikl + o5k (IS = Sl + | (B'B/n) — Ixll) } / /Iogn (50)

holds wpal by Lemma and so Ty = 0,(1) by virtue of conditions (i) and (ii) of the Theorem.
Control of (47)): Let {M,, : n > 1} be an increasing sequence diverging to +oo and define
€Lin = €{le| <My}
€in = € —€lin (51)

gin = ¥ (ya) [S8]71 SHE(X;).

Simple application of the triangle inequality yields

n(€1in — Ele1inlFiz1])

@) < <#;meG

> goJK (1ogn)/n} ﬂdn> + P(227)(52)

(y{flggl Zgzn [€1,6,n|Fio1]| > UJK K(logn)/n> (53)
max Z Jin€2 Co_l K(logn)/n (54)
Yn€Sn | Ent2imn) = 3 K

where 7, is a measurable set to be defined. The following shows that terms (52), (53)), and vanish
asymptotically provided a sequence {M,, : n > 1} may be chosen such that \/n.J/logn = O(M}!*?%) and
= O(y/n/(Jlogn)) and J < K. Choosing J < K and setting M!*° =< \/nK/logn trivially satisfies the
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condition \/nK/logn = O(M}*?). The condition M, = O(y/n/(K logn)) is satisfied for this choice of M,
provided K < (n/logn)®/(2+9),
Control of (53)) and (54)): For term , first note that

9im] S 07 VIK (55)

whenever o ;i > 0 by the Cauchy-Schwarz inequality, and Assumptions[3|and[4 This, together with Markov’s

UJKFEHQH'QI > My}

inequality and Assumption iii) yields
oy K K(logn)/n

(yr,fléié}'i n Z 9in€2,in
nJ E[|€i|2+5{|ei| > Mn}] (57)
logn My

which is o(1) provided y/nJ/logn = O(ML*%). Term (53) is controlled by an identical argument, using the
fact that Eley ;0| Fi—1] = —FEl€2,in|Fi—1] by Assumption i).

Control of : Term is to be controlled using an exponential inequality for martingales due to
van de Geer (1995). Let 4, denote the set on which ||(B'B/n) — Ix| < 1 and observe that P(#¢) = o(1)
under the condition ||(B'B/n) — Ix| = op(1). Under Assumptions ii), and |4} the predictable variation
of the summands in (52)) may be bounded by

A

(56)

> CG'JK K(logn)/n)

%ZE[(Qim(eLi,n — Bl inlFica)!IFica] S 07 () [SS)TIS(B'B/n)S'[SS'T M (yn) (58)

i=1
orpd/n on o, (59)

uniformly for y,, € S,,. Moreover, under Assumption [4] each summand is bounded uniformly for y,, € S,, by

v JKM,
" gim(€rim — ElevimlFi])| < iV TE My (60)

Lemma 2.1 of [van de Geer| (1995)) then provides that may be bounded by

(#S,) max P ({
Yn€Sn

< nexp Co K (logn)/n o(1) (61)
cloJKJ/n+02n Lo iV JKM,\/CK (logn)/

CK(logn)/n CK(logn)/n
exp{logn—W}—i—exp{logn—m}—ko(l) (62)

Ele1,inl|Fi-1])

> gaJK (logn)/n}ﬂﬂfn> +P(a,;)

A

for finite positive constants ci,...,cq. Thus is o(1) for large enough C by virtue of the conditions
=0(y/n/(Jlogn)) and J < K. m

B.2 Proofs for Section [3]

Proof of Theorem Theorem [2.1{ gives ||ﬁ — Puholloo = Op(074+/K (logn)/n) provided the conditions
of Theorem are satisfied. The conditions J < K and K < (n/logn)?/ (%9 are satisfied by hypothesis.
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Corollary [5.1] (under Assumptions [3| and [4] and the fact that {(X;, Y2;)}, are i.i.d. and J < K) yields

I(B'B/n) ~ Ix| = O,(v/K(logK)/n) (63)
IS-5| = 0,(VE(ogK)/n). (64)

Therefore, the conditions of Theorem are satisfied by these rates and the conditions on J and K in
Theorem B3]

It remains to control the approximation error ||P,ho — hollco- Under Assumptions (with ¥; =
BSpl(J, [0, 1]¢,v) or Wav(J,[0,1]4,7)) andthere exists a mho = 1”'c; € U, with ¢; € RY such that

ho — mrhollee = O(JP/%) (65)

(see, e.g., [Huang| (1998)) so it suffices to control ||P,ho — m1holco-

Both P,hg and 7w hg lie in ¥ 7, so ||P,ho — myhollco may be rewritten as

| Prho — Trhol| oo
Poho — Trholle = x | T(Poho — 71ho) s 66
[Pulo =mstollse = G TPy = pho) I Pl = o) (60
< o gx X MK T(Paho — m1ho)| o (67)
where
i T(Poho — 7 rho)(z) = b5 (2)8'[S(B'B/n)~ 8|~ S(B'B/n)~B'(Hy — Vey)/n. (68)
Define the K x K matrices
D = S'[85]°'S (69)
D = (B'B/n)"8'[S(B'B/n)~S|"S(B'B/n)" .
By the triangle inequality,
T T(Ppoho — mrho) || (70)
< 0¥ (2)DB'(Ho — ¥cy)/n]lo (71)
+[6% (2){S" — (B'B/n)~8'}[S(B'B/n)~ 5|~ S(B'B/n)”B'(Hy — Vcy)/nl|s - (72)

The arguments below will show that
[Tl T(Poho — mrho)lleo = Op(v/ K (logn)/n) x [[ho — rholleo + Op(1) x [Tk T (ho — wrho)llee - (73)

Substituting into and using Assumption ii), the bound 0_17 ik SV x a5 (under Assumption

(oo}

3), equation , and the condition p > d/2 in Assumption [5|yields the desired result

|Paho —7sholle = Op(J /" + 0 k/Klogn)/n). (74)

Control of ([71): By the triangle and Cauchy-Schwarz inequalities and compatibility of the spectral
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norm under multiplication,

[ < [p"@)(D - D)B'(Ho— Wey)/n)o
+H[[B¥ () D{B' (Ho — We,) /n — EBX (X,)(ho(Yai) = wrho(Yai))]}Hloo
H[6" (@) DED® (X Ik T (ho — m.1ho) (X))o (75)
< VE|D - DI{0,(vVE/n) x ||ho — m1holloe + Tk T (ho — wsho)| 12 (x)}
+0,(v/ K (logn)/n) x ||ho — 7 shol| oo
+|b" (2) DEX (XTI T (ho — 7o) (X))l (76)

by Lemma and properties of the spectral norm. Lemma (the conditions of Lemma are satisfied

by virtue of and and the condition o K /(logn)/n S 1) and the condition o K +/(logn)/n < 1

yield VK Hﬁ — DJ| = O,(1). Finally, Lemma (under Assumptions |1lf and {)) provides that
6% (@) DEBS (X)L T (ho — 7.510) (X)] oo S [Tk T (ho = mrho) oo (77)

and so
(71) = O, (/K (logn)/n) x [|[ho — 7 shollee + Op(1) x Ik T (ho — 75ho) |l (78)

as required.
Control of ([72)): By the Cauchy-Schwarz inequality, compatibility of the spectral norm under multipli-

cation, and Assumption [4]

VE|S' — (B'B/n)”S'|[[[S(B'B/n)~ 8]~ S(B'B/n)" ||| B'(Ho — ¥e,)/n| (79)

M@ <
< o VE{|[(B'B/n) — Ix| + ||S = S|} B'(Ho — Wey) /nl| (80)

where the second line holds wpal, by Lemma (the conditions of Lemma are satisfied by virtue

of and and the condition o4 K+/(logn)/n < 1). Applying and and the condition
o7 K+/(logn)/n < 1 again yields

@) = 0,(1) x|B'(Ho — ¥ey)/nl| (81)
= Op(VE/n) x ||ho = mrhollec + Op(1) X [[Hx T (ho = mrho)lloc (82)

by Lemma[C.3] equation (65)), and the relation between || - [0 and | - [[2(x). ™

Proof of Lemma As already mentioned, Assumption i) implies that the operators T', T, TT™ and
T*T are all compact with the singular value system {,uk;gblk,%k};il where g1 =1 2> po > ps > ... (0.
For any h € B(p, L) C L*(Y2), g € L*(X), we have

Zuk s P1k)y, Por(x),  (T79)(y2) Zuk s Pok) x P1k(y2).-

Let Py = clsp{¢or : k = 1,...,J}, and note that P; is a closed linear subspace of Bx under the conditions
of part (3).
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To prove part (3), for any h € ¥; with J < K, we have

K
OTh(-) = > (Th,bx;)xbr;(-) (83)
j=1
J
= Y (Th,¢o;)xdo;(-) + R(-, ) (84)
Jj=1
for some R(-,h) € B \P;. Therefore
oo = inf i Th(X)|2 85
TK hew bl L2y, )= IR 2 06y (85)
2
J
= inf > (Thy ;) x b0 () + R(, ) (86)
hE‘IIJ:HhHLZ(Yz):l r—
7= L2(X)
J
= inf Th +||R(-, h)||? 87
heW s:[|hl[ 12 v,y =1 jz::l< sl + IR a
J
> inf Th, ¢o;)> 88
T heW [l L2y, =1 ;< b0j) x (88)
J
= inf 2 (h, ¢1;); 89
heW 521l 12 vy =1 ;“< D15)y, (89)
J
2 inf h,¢1)2 = 3. 90
MJhe\pJ:|\h||L2(Y2):1 j;< ?15)y, Iy, (90)

This, together with part (1), gives 1/uy > Uj}( >To05>1/py. ®

Proof of Theorem Our proof proceeds by application of Theorem 2.5 of [Tsybakov| (2009)) (page 99).
We first explain the scalar (d = 1) case in detail. Let {¢;x,¥jx};r be a wavelet basis for L2([0,1]) as

in the construction of (Cohen et al.| (1993alb) with regularity v > max{p, <} using a pair (¢,) for which

support(¢) = support(y)) = [0,2N — 1]. The precise type of wavelet is not important, but we do require that

[¥]|so < oco. For given j, the wavelet space W consists of 27 functions {1 }1<x<ai, such that {15 }1<x<oi_on

are interior wavelets for which ;5 (-) = 27/24(27(-) — k). We will choose j deterministically with n, such that
2 = (n/logn)t/GE+ad+1) (91)

By construction, the support of each interior wavelet is an interval of length 277(2N — 1). Thus for all j
sufficiently largem we may choose a set M C {1,...,2/ —2N} of interior wavelets with #(M) > 27 such that
support(,, ) N support(Y ;) = 0 for all m,m’ € M with m # m’. Note also that by construction we have
#(M) < 27 (since there are 2/ — 2N interior wavelets).
We begin by defining a family of submodels. Let ho € B(p, L) be such that ||hol|pz _(y,) < L/2, and for
each m € M let
B = ho + co2 7 PHY/ Dy (92)

"Hence the liminf in our statement of the Lemma.
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where ¢ is a positive constant to be defined subsequently. Noting that

o2 P gillpe S 2D (93)
< o (94)

it follows by the triangle inequality that ||, ||ge, < L uniformly in m for all sufficiently small co. For
m € {0} UM let P, be the joint distribution of {(X;, Y1)}, with Y1; = Thy,(X;) + u; for the Gaussian
NPIR model .

To apply Theorem 2.5 of [Tsybakov| (2009), first note that for any m € M

||h0 - hm”oo = 6027j(p+1/2)”1/}jm”00 (95)
0277 |9l (96)

and for any m,m’ € M with m # m/

1 = Bt loo = o277 D s — ]| oo (97)
2002777 ||1)]| oo (98)

by virtue of the disjoint support of {tjm }menr. Using the KL divergence for the multivariate normal dis-
tribution (under the Gaussian NPIR model ), Assumption [§| and the equivalence between the Besov

function-space and sequence-space norms, the KL distance K(P,,, Py) is

L ¥ (2 (T4 (X:))?
K(P,, P < = 9—ilp+1/2)\2 g | A2 Aim\2d))
( ) 0) = 2;(00 ) 0'2(Xi) (99)
LN~ B [(Tjm(Xi))?
< 52(002 i(p1/2)y2 [ JJQ ] (100)
i=1 0
n . N
= 5 (2 T2 T) 2 (V) |2 (101)
0
< %(Coyj(pﬂ/w)z(z—jg)z 102)
0
n )
= 273632 J(2(p+<)+1) (103)
S cglogn (104)

since 277 =< ((logn)/n)Y/ CP+)+1)  Moreover, since #(M) = 27, we have
log(#(M)) < logn + loglogn (105)

Therefore, we may choose co sufficiently small that ||hy,[| gz, < L and K (P, Py) < § log(#(M)) uniformly
in m for all n sufficiently large. All conditions of Theorem 2.5 of 'T'sybakov| (2009) are satisfied and hence we
obtain the lower bound result.

The multivarite case uses similar arguments for a tensor-product wavelet basis (see [Triebel| (2006, 2008))).
We choose the same j for each univariate spaces such that 2/ = (n/logn)'/2®P+9I)+d) and so the tensor-

product wavelet space has dimension 2/¢ =< (n/logn)% (2(+9)+d) We construct the same family of submodels,
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setting Ry, = ho + co277 (p+d/ Q)wjm where 1;,, is now the product of d interior univariate wavelets defined

previously. Since we take the product of d univariate interior wavelets, we again obtain
||hm - hm’ Hoo Z 002_j17 (106)

for each m,m’ € {0} UM with m # m/, and

K(Pmypo) < 27”'2@02—]'(1?+d/2))2(2—j<)2 (107)
)
_ N 25—j(2(p+s)+d
- 273002 J@(pt)+d) (108)
< cilogn. (109)

The result follows as in the univariate case. m

B.3 Proofs for Section [

Proof of Theorem The variance term is immediate from Theorem [2.1] with o ;x = 1. The bias calcula-
tion follows from Huang| (2003) under Assumptionsii), (with Bx = BSpl(K, [0,1]%,7) or Wav(K, [0,1]%, 7)),
and [5| and the fact that the empirical and true L?(X) norms are equivalent over Bx wpal by virtue of the
condition HE’E/’I’L — Ik || = 0p(1), which is implied by Condition (ii). m

Proof of Corollary By Theorem the optimal sup-norm convergence rate (n/logn)~P/(r+d) ig
achieved by setting K =< (n/logn)¥»*+4)) with § > d/p for condition (i) to hold. (1) When the regressors
are i.i.d., by Lemma condition (ii) is satisfied provided that d < 2p (which is assumed in Assumption
5). (2) When the regressors are exponentially S-mixing, by Lemma condition (ii) is satisfied provided
that d < 2p. (3) When the regressors are algebraically S-mixing at rate v, by Lemma condition (ii) is
satisfied provided that (24 v)d < 2yp. m

B.4 Proofs for Section [5

Proof of Corollary Follows by application of Thcoromwith t= Canm for sufficiently
large C, and applying the condition Rn\/m =o(o,). B

Proof of Theorem By Berbee’s lemma (enlarging the probability space as necessary) the processs { X; }
can be coupled with a process X such that Yz := { X _1)g4+1, ..., Xre} and Y;' 1= {X(*kfl)qﬂ, . ,X,jq} are
identically distributed for each k > 1, P(Yj # Y*) < 5(g) for each k > 1 and {Y7",Y5",...} are independent
and {Y5, Y/, ...} are independent (see, e.g., Doukhan et al| (1995))). Let I. and I, denote the indices of
{1,...,n} corresponding to the odd- and even-numbered blocks, and I, the indices in the remainder, so
I.=qn/q]+1,...,n when ¢[n/q] <n and I, = () when ¢[n/q] = n.

Let =7, = Z(X},,)- By the triangle inequality,

P (|| S0, Sinll > 6t)
P(| M= 4+ 1 e, Sinll + 1 20927, — Zin)ll > 6) (110)
iBla) +P (I ier, Binll 2 6) + P (1 X ser, Exnll 2 8) + P (1 i, Efnll > 1)

IN A
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To control the last two terms we apply Theorem recognizing that > and ) o, Ef, are each

ier, Sin
the sum of fewer than [n/q] independent di x da matrices, namely W} = Zfi(k_l)qﬂ E; .- Moreover each

W satisfies |Wi || < qR,, and max{||E[W; W', |EW W} < ¢*sp. Theorem [5.1] then yields
—t2/2
P(}j&g Zofﬂ%+dﬂﬂp<//> (111)
and similarly for I,. m

b ngs? + qR,t/3
Proof of Corollary Follows by application of Theorem with ¢ = Cs,+/nqlog(d; + ds) for suffi-

ciently large C, and applying the conditions gﬂ(q) =o(1) and R,+/qlog(dy + d2) = o(spy/n). W
Proof of Lemma Let Gx = E[bX(X)bX (X)']. Since Bg = clsp{by,...,bx} , we have:

sup{|2 3" | b(X;)? — 1| : b € Bk, E[b(X)?] = 1}

= sup{|c(B'B/n — Gg)c| : c € R |G}/ %¢c| = 1} (112)
= sup{|/GYA G H(B'B/n)G? — Ix)G2c|  c € RX||GY 2| = 1} (113)
= sup{|d(B'B/n—Ix)c| : c € RX ||c|| = 1} (114)
= |B'B/n— Ix|}3 (115)

as required. m

Proof of Lemma Follows by application of Corollary with 5, , = n (0K (XK (X,) — Ik),
Ry S Go(K)? +1), and 07 Sn7H(Go(K)* +1). m

Proof of Lemma Follows by application of Corollary with 5, ,, = n= (b5 (X)bE (X)) — I),
Rn S0 H(Go(K)? +1), and 57, S n*(Go(K)? +1). =

C Supplementary lemmas and their proofs

Huang] (2003)) provides conditions under which the operator norm of orthogonal projections onto sieve spaces
are stable in sup norm as the dimension of the sieve space increases. The following Lemma shows the same
is true for the operator Qg : L>(X) — L (X) given by

Qru(z) = b" (x) DEP" (X )u(X)] (116)

where D = S'[SS']718, i.e.
<C (117)

1im sup sup EEETeT—
K—oo uer=(X) [ullos

for some finite positive constant C'. The proof follows by simple modification of the arguments in Theorem
A.1 in [Huang (2003) (see also Corollary A.1 of Huang| (2003)).

Lemma C.1 Qg is stable in sup norm under Assumption[1] and [}

Proof of Lemma The assumptions of Theorem A.1 of [Huang| (2003 with v and v,, taken to be the
distribution of X are satisfied under Assumption [T} Let Pk denote the orthogonal projection onto the sieve
space, i.e.

Preu(z) = b™ (x) E[™ (X)b" (X) ] EB™ (X)u(X)] (118)
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for any u € L>°(X). Let (,-) denote the L?(X) inner product. Since D is an orthogonal projection matrix

and Pk is a L?(X) orthogonal projection onto By, for any u € L>(X)

IQkul?2 ) = Elu(X)b*(X)]ID2EBX (X)u(X))]
< Bu(X)bK (X)ERF (X)u(X)] (119)
= ||PKU||2L2(X)
< ullacx -

As in [Huang| (2003), let A index a partition of X into finitely many polyhedra. Let v € L*(X) be

supported on &y for some dp € A (i.e. v(z) =0 if = & dg). For some coefficients a1, ..., ak,

QK’U Zaszz . (120)

Let d(-,-) be the distance measure between elements of A defined in the Appendix of [Huang| (2003)). Let ! be
a nonnegative integer and let I; C {1,..., K} be the set of indices such that for any i € I; the basis function
br; is active on a § € A with d(6,0p) < I. Finally, let

z) = abki(x). (121)

i€y

For any v € L*™°(X),

1Qrvl72(x)
= [Q@xv —vl2x) + [0l F2(x) + 2(Q@rv —v,0) (122)
= [1Pgv — [z (x) + 1Qkv — PrvlZ2(x) + 2(Qxv — Piv, Pxv — v) + ||v]|72(x) + 2(Qxv — v,1(123)
< o= vllZ2x) + Qv — Proll2(x) + 2(Qkv — Prv, Pxv — v) + [|v]|72(x) + 2(Qxv — v,v) (124)
= |lu—ollZ2(x) + I0]172(x) + (Qrv — Prv, Qrv + Prv — 20) + 2(Qkv — v,0) (125)
= o=l + 10l Z2x) + QK0T (x) — 1Prvll72(x) — 2(QKv — Prv,v) +2(QKv — v,v) (126)
= Jlu- U||2L2(x) +[oll72x) +11QrvlI72(x) = 1PrvlIF2(x) + 2(Prv — v,0) (127)
= o =vlFz2x) + 10l 220x) + 1QrvIZ2(x) + [ ProllTe(x) — 2lv]l2(x) (128)
< o= ol 22 + 0072 (x) (129)

where uses the fact that Pk is an orthogonal projection, and follows from . The remainder
of the proof of Theorem A.1 of Huang (2003)) goes through under these modifications. m

The next lemma provides useful bounds on the estimated matrices encountered in the body of the paper.
Recall the definitions of D and D in expression .

Lemma C.2 Under Assumption @(n} and(ii), if J< K, |(B'B/n) — Ix| = op(1), then wpal
(i) (B'B/n) is invertible and ||(B'B/n)~!|| <2

(it) |(B'B/n)~8" = 8'| SII(B'B/n) - Ikl + IS - 5|
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(iii) ||(B'B/n) V28" — S| S |(B'B/n) — Ix|| + IS = S|
If, in addition, o5 (|(B'B/n) — Ix| + IS — S||) = 0,(1), then wpal
(iv) (B'B/n)~Y25" has full column rank and S(B'B/n)~'S is invertible
(v) |D = D| S (B'B/n) = Ixcl| + o35 (IS = S| + | (B'B/n) — Ix|)
(vi) I[S(B'B/n)~8"1~S(B'B/n)~ = [SS|71S|| S o5k (B'B/n) = Ixc|| + o7 (1S = S|+ | (B'B/n) — I|).

Proof of Lemma[C.2} We prove Lemma[C.2| by part. Note that under Assumption [3{ii) and [ii), ||S|| < 1

since S is isomorphic to the L?(X) orthogonal projection of T onto the space By, restricted to ¥ ;.

(i) Let o, denote the event ||(B'B/n) — Ix|| < 1. The condition ||(B'B/n) — Ir|| = 0,(1) implies that
P(4¢) = o(1). Clearly ||(B’'B/n)~ || <2 on ,.

(ii) Working on 7, (so we replace the generalized inverse with an inverse), Assumption [(ii), the triangle

inequality, and compatibility of the spectral norm under multiplication yields

I(B'B/n)"'S' =S| < |(B'B/n)"'S' = (B'B/n)"'S'| + |(B'B/n)"'S' = §'||  (130)
< (B'B/n) YIS = S|+ I(B'B/n)" — Ix|] S (131)
< 2|S -S|+ |(B'B/n)" - Ikl (132)
= 2|S—S|+|(B'B/n)"'[(B'B/n) - Ix]| (133)
< 2||S -S|+ 2//(B'B/n) - Ix| (134)

(iii) Follows the same arguments as (ii), noting additionally that Amin((B'B/n)™1) < 3 on &,, in which
case
I(B'B/n) % = Iic|| < (1427 Y|(B'B/n) — I|| (135)

by Lemma 2.2 of |[Schmitt| (1992).
(iv) Let s;(A) denote the Jth largest singular value of a J x K matrix A. Weyl’s inequality yields
|55 (S(B'B/n)""%) = ox| < |(B'B/n)""/?5" = 5. (136)
This and the condition o7~ (|[(B'B/n) — Ix|| + ||S — S||) = o, (1 together imply that
JK P
SN 1
|55 (S(B'B/n)~"%) — oxc| < 5ok (137)

wpal. Let %, be the intersection of <, with the set on which this bound obtains. Then P(%)) = o(1).
Clearly (B'B/n)~/25" has full column rank J and S(B'B/n)~1S is invertible on €.

(v) On %, C 4, we have ||(B'B/n)"Y/2|| < v/2. Working on %,,, similar arguments to those used to prove
parts (ii) and (iii) yield

ID=DIl < |I(B'B/n)""* = Ixl|(|(B'B/n) | + 1) + |Q = QUI(B'B/n)""?|  (138)

(1+ V2)IB'B/n) ™2 ~ Ix| +v21Q - QIl. (139)

A
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Since @ and @ are orthogonal projection matrices, part (1.5) of Theorem 1.1 of [Li et al.| (2013) implies
1Q - Qll < 05| (B'B/n)~ 128" — | (140)

on é,. Part (v) is then proved by substituting (140)) and (135) into (139)).

(vi) Working on %, (so we replace the generalized inverses with inverses), similar arguments used to prove
part (v) yield

I[S(B'B/n)"'87'S(B'B/n)~" — [SS']719]|

< |IS(B'B/n)~'S7'S(B'B/n)~?|||(B'B/n)~"/? ~ Ix|| (141)
+H|[S(B'B/n)~*8'|"18(B'B/n) "2 — [SS'] 718

< 2054|(B'B/n) Y2 — Ix|| + I[S(B'B/n)* 81 'S(B'B/n) "1 — [SS']71S||.  (142)

Theorem 3.1 of |Ding and Huang (1997)) yields
I[S(B'B/n)"'S) "' S(B'B/n)""/* = [S8']S|| S o5& |(B'B/n)/*5' - §'| (143)

wpal by virtue of part (iii) and the condition 0’;[1{(||(§/§/’I’L) —Ig|[+ S =S| = 0p(1). Substituting

(143)) and into establishes (vi).
This completes the proof. m
Lemma C.3 Under Assumption if {Xi, Y2}, are i.i.d. then
(i) |1B'(Ho = Wey)/nll < Op(v/K/n) x |[ho = msholloo + [Tk T (ho = msho)l| 2 (x)
(ii) |[b () D{B' (Ho — We,) fn— BVX (X;) (ho(Yai) = wrho (Yai)) [} lse = Op(v/K (logn) /)  [[ho —m.sho] .-
Proof of Lemma We prove Lemma [C.3| by part.
(i) First write

1B (Ho = Wey)/nl| < ||B'(Ho = Wey)/n— BB (X;) (ho(Yai) = mrho(Yei))]|

H| B[R (X) (ho(Yai — mrho(Ya:)]| (144)
and note that
1B (X,)(ho(Yai) — mrho(Yai))]I* = [Tk T (ho — mrho)lI32(x) - (145)
Finally,
|B'(Ho — Wey)/n — B (X;)(ho(Yai) — mrho(Yai))lll = Op(v/K /) X [lho = 7rhol|o - (146)

by Markov’s inequality under Assumption |4 and the fact that {X;, Ya;}? ; are i.i.d.
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(ii) An argument similar to the proof of Theorem converts the problem of controlling the supremum
that of controlling the maximum evaluated at finitely many points, where the collection of points has

cardinality increasing polynomially in n. Let S, be the set of points. Also define
Ai g = b5 (X3)(ho(Yai) — mrho(Yai) — E[b™ (X:)(ho(Yai) — mrho(Yai)]} (147)

Then it suffices to show that sufficiently large C' may be chosen that

(#S,) Jnax P < anng(xn)DAiJ,K > C|lho — 7rholl o K(logn)/n) =o(1). (148)
e i=1

The summands in (148]) have mean zero (by the law of iterated expectations). Under Assumption
the summands in (148) are bounded uniformly for z,, € S;, by

~ K
In~ 1" (2,)DA; x| S ;Hho — 7 7hollso (149)

and have variance bounded uniformly for z,, € S, by

E[(n~ 0% (2,)DA; 1.5)?] < |lho — mrhol% x n 2E[bX (z,,) DbX (X,)b™ (X;) Db™ (2,,)] (150)
K
S Mo = mshollz x — - (151)

The result follows for large enough C' by Bernstein’s inequality for i.i.d. sequences using the bounds

and (151)).

This completes the proof. m
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