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A One-Sector Model with Learning-by-doing, Investment, Leisure,
and Optimal Growth

by Matthias Gocke *

Abstract: A one-sector model of endogenous growth based on the accumulation of real
capital by saving/investing and accumulation of human capital via learning-by-doing is
presented. Experience is measured by means of production output aggregated over time.
Explicitly separating learning and real capital accumulation allows for an independent
control of the learning process via working time. Though based on a simple one-sector
model, accumulation of both types of capital is endogenously determined and a
simultaneous dynamic optimisation of leisure/working time and of consumption/saving
is executed. Transitional dynamics are derived and numerical simulations performed.
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A One-Sector Model with Learning-by-doing, Investment, Leisure,
and Optimal Growth

1. Learning-by-doing and real capital accumulation

Via learning-by-doing a certain kind of human capital — experience — is accumulated as
a joint product of production activity (Rosen, 1972). Thus accumulation of experience
differs from real capital accumulation or from human capital based on explicit
schooling, since in these cases the accumulation of capital is the main product, and since
the accumulation process can be controlled independently — by real investment or by
schooling decisions, respectively.

In the literature a bundle of methods of modelling accumulation of experience is
applied. The prevailing practice is to relate learning to the accumulation of real physical
capital ("learning-by-investing”: Arrow, 1962, Levhari, 1966a, 1966b, and Sheshinski,
1967, for more recent examples, Romer, 1986, pp. 1018 ff., and Greiner, 1996, 2003). It
is argued that increases in experience are especially based on using newly installed
capital, so learning is positively influenced by investments. However, directly binding
learning to real capital accumulation — and with this implicitly modelling a ‘composite
capital' stock comprising both, real capital and experience — has the disadvantage of a
lack of separation of real capital and experience. As a result, a mismatch problem occurs
if intertemporal optimisation of (A) consumption versus investing and simultaneously
(B) leisure versus working is performed based on a model with merely one composite
stock of capital: With only one type of capital, only a single shadow price (costate)
exists, while there are two controls, consumption and leisure (or saving and working,
respectively). Multiplicity of optimal growth paths and steady states may be the result of
this mismatch problem (de Hek, 1998).

However, in this paper a one sector growth model is presented with human capital
accumulation due to learning-by-doing as a by-product of production and real capital
accumulation based on saving/investing. Accumulation of experience is based on the
concept of the experience curve. The main implication of this concept is that with every
doubling of the sum of the output added up over time, production costs are reduced by a
constant rate (Lucas, 1993, pp. 259 ff.). l.e. the stock of experience of an economy is
described by means of production output which is aggregated over time. Separating real
capital accumulation from learning-by-working prevents the mismatch problem outlined
above. We explicitly differentiate between real capital which is accumulated by saving
and experience which results from working in the production of goods. Thus we have
two different types of capital, (1) real capital and (2) production experience, and



correspondingly two costates (shadow prices). This is sufficient to determine two
control variables, saving and working, uniquely, and allows a simultaneous
intertemporal optimisation of (1) investment vs. consumption and of (2) working vs.
leisure.

From a technical point of view, we extend a model of Gécke (2002) by a real capital
stock and by investment decisions. Gocke (2002) presents a one sector model with
experience as the single source of growth, neglecting real capital. The Gdcke (2002)
model has only one stock and one costate, and serves as a base for a dynamic
optimisation of leisure vs. working. However, our extended model has two types of
capital and correspondingly two instead of one control, thus, the dimensions are
doubled. The inclusion of two different types of capital has two advantages. First, we
can explain sustained endogenous growth, though real capital and experience partially
show diminishing returns each, as long as both types of capital together show non-
diminishing returns to scale. This is an advantage compared to one-sector AK-type
models with a single capital stock (even if it is seen as a composite), since in these
models a linear influence of this single capital stock is required in order to avoid
diminishing returns to capital, i.e. in order to yield sustained endogenous growth.
Secondly, separating experience from real capital allows to analyse changes of the
composition of the capital stocks: during the transition towards steady state the
proportion of experience to real capital changes, and the transitional dynamics are
determined by changes of this proportion. Thus, compared to an AK-type model our
decomposition gives a better explanation of the transitional dynamics (especially of
investment, working time, the return to both types of capital, and of the output growth).

Moreover, albeit we propose a simple one-sector model, the accumulation of both, real
capital and experience (as a kind of human capital), is endogenously explained. Since a
one-sector model is applied, this is a simplification compared to two-sector models of
learning in the tradition of Uzawa (1965) and Lucas (1988).1 In these models learning
can independently be controlled as well — by a decision of allocation of time between
working in the production sector versus learning in a schooling sector. But, since time
utilisation between working and learning is rival, in these models actually "learning—
or-doing" (Chamley, 1993) is modelled.

The outline of the paper is as follows: Dynamic optimisation based on a general
formulation of the model is presented in section 2. In section 3 — as an introductory

1 See Gécke (2004) for a two-sector model which combines learning-by-doing in a production sector
with learning-by-schooling in an educational sector. However, real capital (accumulation) is not
included in this two-sector model.



example — a Cobb-Douglas version of the model is presented without executing an
optimisation of working and investing. In section 4 the optimisation results of the
general model are applied to a simple example with a Cobb-Douglas type production
function and a logarithmic utility function. Transitional dynamics in a situation with
endogenous growth are illustrated by a numerical simulation. Section 5 concludes.

2. Intertemporal optimisation of real investment and working time

Population size is neglected for reasons of simplicity, and a generalised formulation of
the one-sector model in per capita terms is presented. Per capita production output x; is
based on real p.c. capital k;, on the “experience” (the p.c. human capital) &, and share g;
of the time potential which is spent on working (0<g;<1).

_ . OX OX OX . .
(1) Xt = X(ky, &, Qp) with: &,a—a,%m (production function)

(If capital widening due to population growth is neglected) the accumulation of the real
p.c. capital stock is given by the p.c. production output X; minus p.c. consumption c,

corrected for depreciation with a constant rate (u-ki, with 0<u<1). (A dot "°" indicates
the derivative with respect to time.)

(2 Iit = % = X(kp,&0p) — Cr — 1okt (real capital accumulation)

Experience is accumulated based on ‘new learning’ a[x;,q¢] due to production activity x;
during working time g, minus a depreciation (i.e. via forgetting) with a constant rate p.
For simplicity, depreciation rate u on both, real and human capital, is the same.

®3) Et = %:-‘ = a[x(kp, &0 0p).0e] — n-&t with: %>0; 2—320 (accumul. of experience)

Dynamic optimisation is done via determining the time path of consumption c; and of
working time g; based on a representative individual's time separable utility function.
Utility comes from the p.c. consumption of goods and from leisure. Since leisure time is
the residual of working time g, the share of leisure time is (1-q;). Overall utility U is
the intertemporal aggregation of instantaneous utility at time t (u;) applying the rate of
time preference p as the discount rate:

o0
_ -t a
@ U= { ucnad-e " dt with: 570, 51<0

The (present-value) Hamiltonian (5), the first order optimality conditions (6) and (7), the
motion of the costates, i.e. of the shadow prices of capital/consumption goods A4 (8) and
of experience A, (9), and the transversality conditions (10) are:



®  H=uee P n) k+r0E =

H = u[cy,ax 'e_p.t”vl(t) - (X(kg, &t G) —Cr— k) +Ao (1) - (Q[X(E,ap) Gl — 1 - &)

oH_ . o —pt ., _
(6) aC_ . aCe —7\41—0 j—
. _ou ot _ —pt - _au
(6) A= e = dug -e with: du; = o
GH_ . ou pt, ox . (0aox da)_
) 8q_0' ac © +7”1'8q+7”2'(8x'6q+6q)_
oH o OX da OX
® &M ‘kl'(ak‘“)”?ax'ak
oH o OX oda OX
o Bo, o Zen(BZ)
(10)  lim(Aq(t)-ky) =0 and lim(Ao(t)-&) =0
t—o0 t—o0
The components of the FOC for the working time q in eq. (7) can be interpreted:
OH_ . (oudx ou) pt, ., (daox da)_
(1) 8q_0' (8c'6q+6q)'e +k2'(8x'8q+8qj_o =
—du
L, et U4 L _dudx au _dadx oa
(11) Ao =e dag with: dug = ac'aq + P and dag = X g + P

With an interpretation of the mathematical terms in eq. (11):

ou oXx

8c'£>0: marginal instantaneous utility from production due to increasing working time
au L . . .
8_q< 0: dis-utility of less leisure time (of more working time)
-pt . . -
e " >0 discounting future utility (<> 'present value’)
Ay>0: shadow price of experience (with implicit discounting of future utility)
da OX . . . L
&-%>0: marginal learning due to additional working time
oas . . I
—.20: change of spillovers between different activities

og<
q (possibly negative due to ‘scattering'-effects)

The sum of the effects of a change in working time q on learning is typically positive:
dag>0. Correspondingly, the dynamically optimal entire instantaneous marginal utility
of working has to be negative (dug<0). Considering the positive intertemporal



externality of working (and learning), a negative momentary marginal utility of working
is dynamically optimal, while a purely static optimisation of leisure would imply
marginal utility at every moment instantaneously to be balanced, i.e. dug=

In order to reveal the net internal marginal rate of return to real capital (r,) and to
experience (rg), the movement of the costates (8) and (9) can be reformulated via the
growth rates of the shadow prices (kl, kz) and using egs. (6") and (11). (A hat """
indicates the growth rate of a variable.)

12 % hy _ & o2 08 X
12 == 1—x1 ok Ty ox ok M

_ox  Guq day . da Ox
with: day = ox oK

ok dug daq
N P W Jhox
A3)  re=-r2=5" = o oe Ty o M
dug-da
B ¢ Y oa ox ou ox
=dag — dug —u with: dag = ox 0E and dug = 868&

The derivative of the optimality conditions (6) and (7) with respect to time (and using
il, iz, Ii and f‘;) leads to differential equations for both control variables:
(de/dt)=c=c(k,t,c,q) and (dg/dt)=q=q(k.Ec,q). In combination with the motions of
the state variables, the dynamics of the economy are given by a system of four
differential equations. The first steps of this procedure are presented: the derivative of
(6") and (11") with respect to time leads to egs. (14) and (15). The growth rate of the
shadow price of consumption/capital goods 5\»1 consists of the growth rate of the
momentary marginal utility of consumption d/L\JC minus depreciation due to the rate of
time preference p. The growth rate of the shadow price of experience 5\»2 is determined
by the growth rate of marginal utility related to changes in working time g minus the
growth of marginal learning due to changes of q (i.e. dﬁq - dlé\lq).

o

(14 M W—p = duC
dug da
N J_ J_ _ N\ N\

Combining (12) and (14) gives a Ramsey rule of optimal saving, extended by learning
effects: Marginal return to real capital (LHS of (16)) consists of a direct production
effect (Ox/0k), but is extended by marginal learning based on capital input day, which
has to be converted by the price relation (A,/Aq). This additional return has a positive
effect on saving, i.e. a negative effect on present consumption.



ox Mo
(16) 5 +oo-da = p+p—du

ok A
Combining (13) and (15) leads to a Ramsey rule analogy of dynamically optimal
working: an optimal decision on working time implies that the net return to experience
(LHS of (17)) has to cover the sum of the discount rate and the 'shrinking rate' (i.e.
negative growth rate) of marginal utility of working time (RHS of (17)). The decrease of
marglnal utility consists of the decrease of momentary marginal utlllty of working
(—duq) extended by the growth rate of the marginal effects on learning (daq)

A A A

3. A simple Cobb-Douglas version without optimisation

As a simple example, a Cobb-Douglas type version of p.c. production, real capital
accumulation and learning-by-doing is presented — in a first step without dynamic
optimisation of the potential control variables. In per capita terms, using the 'real capital
intensity of experience’ y, i.e. the ratio between real capital and accumulated
experience, and disregarding time index "" the “supply side” of the model is as follows:

k
(18) Y= g (capital-experience ratio, intensity)
(199 x= K. &y-qB = \|1a- ﬁ(OHY)-qB (C.D.-type production per capita)
(20) k=x-c— uk = sx—p-k (accumulation of real capital p.c.)
=5y gP Lyt with: c=(1-s)x o s=1-(c/x)
(21) % = (I)-q(n _1)-X -u-§ (learning by-doing; change of experience p.c.)

=gyt Mg P g

@ =yt e TP s - gy g

with: : savings-income ratio, propensity to invest (with 0<s<1)
: production elasticity of real capital (0<a<1)

: production elasticity of labour (0<B<1)

: production elasticity of experience (0<y<1)

: productivity parameter in the learning function (¢ >0)

: spillover parameter in the learning function (0< n1<1)

S & = D™ v
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We apply a 'spillover correction’ q(”_l). This factor vanishes for n=1. In this case % is
determined by total output X, i.e. for n=1 we have a complete learning spillover
between different production activities. In the opposite case of =0 the change in the
stock of experience is §=<|)-(x/q)—u. Thus, for n=0 we have no spillovers between
different activities at all, since new learning is determined by per capita production per
unit of time (i.e. by a single activity) only. However, in our model the property of
endogenous growth does not depend on the size of the spillover parameter n. Hence,
spillovers do not have the central importance they have in some endogenous growth
models, where (asymptotically) non-diminishing returns to capital are based on
spillovers (see e.g. Clemhout & Wan, 1970, Stokey, 1986, Kohn & Marion, 1993, and

Dehejia, 1993).

Without intertemporal optimisation the share of working time g and the propensity to
save s can be regarded as exogenously constant and the growth of the economy is
determined by the two differential equations (20) and (21). For the special case of
B+n=1 the influence of g on learning % vanishes. For B<1 a higher q (i.e. an
increasing labour input in production) leads to a higher output and with this to more
learning, but only under-proportionally. For n<1 only partial spillovers between
different activities (i.e. 'scattering'-effects) occur. For B+n=1 these effects and a
diminishing marginal return to labour lead to an exact compensation of the effects of
working time q on learning. We assume, that 1<p+n<2 is valid. Thus, an increase of
working time g will bring about an improved learning-by-doing.

A steady state is characterised by constant intensities and constant growth rates, which
may be zero or not, depending on the magnitude of the sum of production elasticities
(o +7). The steady state capital intensity of experience g is given by:

o S 1—
() w0 & yg= 0

For (a+y<1), due to diminishing returns, the system shows no sustained growth but
constant steady state levels of p.c. experience and p.c. production (& Xsp):

(24) o+y<l: 2:0 and k=0 for

l1-a o (#)
(9 S (a+pn—on-1) |\-a-y
&t = M q

1
_((ﬁ)y (B—v+vn)j(1‘°“y>
Xst = || “aFy | -Q



In the case of (a+y=1) non-diminishing returns to accumulated factors occur. This
brings about sustained endogenous growth with a constant non-zero steady state growth
rate. In this case, accumulation of both factors is:

(25 o+y=1: k=sy%e-d’ —pyet

E=g= oyt

° -1
vy P Is - goy-g

N
After reaching steady state intensity y¢ we see a common constant growth rate (Xg):

N

(26) at+y=1: Qst = Qst — ést - ¢1—0L'Soc.q(og+[3+n—om—1) —u

In the case of endogenous growth (au+y=1), as eq. (25) shows, the dynamics of the
model are determined solely by the dynamics of the intensity y. A simulation of the
corresponding one-dimensional phase diagram for  is given in Fig. 1. For constant
behavioural parameters s and g, the system converges towards a stable steady state ().

Fig. 1: Phase diagram for the capital intensity of experience
in the case of endogenous growth (o.+7v=1) and constant g and s
i
0.15

0.1

0.05
| —>\/st v
1 2 3 =<4

-0.05

-0.1

-0.15

-0.2

N

N N
Vot = 2.721655 ; &g = K¢t = X5t = 0.0396189514
(s=1/3;9=2/3 ; a=1/3 ;y=2/3; p=1/2 ; $=1/10 ; n=1/10 ; n=1/2)



4. Cobb-Douglas production, logarithmic utility, and dynamic optimisation
4.1 The model and some simplifications

Now the dynamics based on optimisation are demonstrated for the Cobb-Douglas-type
production technology as a simple example:

(19) x= K. &y-qB (p.c. production)

(20) k=sx— u-k =s- K. &Y-qﬁ —u-k (real capital accumulation)
o -1 -1 . .

@) E=¢-q" Vx—pe = gqP N e (learning-by-doing)

In our example, utility shows a constant elasticity of intratemporal substitution
(concerning the momentary choice between leisure and consumption of goods and at
each point t in time) and a constant intertemporal elasticity of substitution (concerning
the weight of utility between different points in time). For reasons of simplicity, both
elasticities are assumed as one, so a logarithmic instantaneous utility uy results:

@7 U= fut-e_p't dt with uy=b-In(c) + (1-b)-In(1-q)
0

Assuming a log-utility function has non-trivial implications. Even if the production
technology is able to support sustained growth due to non-diminishing returns, the
introduction of a choice between leisure and working may result in a situation without
endogenous growth, if marginal utility of the consumption of goods is decreasing faster
than the production productivity of accumulated factors is growing. The result would be,
that productivity increases are mainly utilised for an expansion of leisure time — i.e. an
ever decreasing share of working time due to consumption saturation.2 Gocke (2002)
shows that endogenous growth only results if the intratemporal elasticity of substitution
between momentary consumption of goods and leisure is exactly one. This is guaranteed
by log-utility, so endogenous growth is feasible.

Using savings-income ratio s=1-(c/x) simplifies the following expressions, since its
range is limited (0<s<1) and because s, as a ratio, converges towards a constant steady
state level. The Hamiltonian and the FOCs of our problem now are:

(8 H=[b-In(c) + (1-b)-In(1-q) 1-6 P + aq(t)- [ s-k™“&"-¢" — -k
+2o0-[o-4" P g g

2 For a discussion of this general problem of endogenous growth models allowing the choice between
leisure and consumption see Baldassarri, De Santis, Moscarini (1994).
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oH b i b.e P!
=0 = A e Pt =
oc 1= (1-s)-k* (gy.qﬁ

(29)

oH b-B b 1 1 -2 -2
. Boo= (Lot e, pod™ 2 (1) g™ 2]
The motions of the costates in the C.-D.-production / log-utility example are:

oH_ o - -1 -1
@) So=-hy = Ak RGP - ) + a9k eGP

ok
oH ° b-
@ G=-tha = gt ek e o]

Since we have four differential equations to handle, to avoid non-linearities some
simplifications are introduced only for computational reasons. In order to get linear
functions the labour is assumed to have a non-diminishing marginal product (B =1) and
spillovers of learning are complete (n=1). With this, the following expressions for the
shadow prices of real goods A4 and experience A, result:
be™' b

¢ @-9Kkhe'q

83 A=

[(1-b)-(1-s)-g-b-(1-q)] e Pt
¢-(1-q)-c

(34) 7\.2 =

Via the costate motions (8) and (9) the marginal net rate of return to real capital (rc) and
to experience (rz) can be calculated:

A a(1-D)-(1-9)-q° o1

@5 rk=-Ap = b-(1-q) : i —u
ISR 2= HCEOE
- rEE L

4.2 Dynamics without endogenous growth (a+y<1)

Performing the above mentioned calculation steps leads to differential equations for
both controls, s and q:

o _ds_ e Tq(1-s)(g-b) R
@7 s= t_(l_s){—b\pl a[ (1-q) +b(1—S—SQ)}+Q§ N }
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dq a-1

(38 q= ot = [ptu-(1-a-y)-(1-s)-0-y oty

g -q]-(1-q)

With the sum of production elasticities of (o.+y<1) no sustained growth, but a steady
state results with constant levels and constant controls. This steady state can be derived
applying q=0,s=0, £=0and k=0. The long run level of the propensity to save s¢; and
of the share of working time qgg; result as:

_ (utp)-b
and Qg = p+u-[1-(a+y)-(1-b)]

Since both controls are constant in steady state, the results from (23) and (24) apply:

Sst (¢1_a' Sgt_q tj (ﬁ—v)
S

(40) \Vstzg = &= M

39 =
Sq¢= "
B9 ST pyn

If these steady state results are applied to (35) and (36), we see that a process of
arbitrage between real capital and experience leads to a common steady state rate of
return to both types of capital. Since the steady state rate of return does not exceed the
rate of time preference p, the incentive to accumulate any kind of capital and with this
economic growth vanishes in the long run.

(41) oat+y<l: Mest=Test=P

4.3 Investment, learning and endogenous growth (a.+y=1)

Linearity in accumulated factors as a whole (i.e. a+y=1) results in non-diminishing
returns and endogenous growth. In this case the dynamics can be written using only the
capital intensity of experience (yw=Kk/&) and substituting for both single stocks k and &:

d — 1-s)(q-b o
=d—i=(1—3) {bwg_a[q( (fzfﬂ )+b(1_s-sq)}+(1—a)qw ¢+§-}

wo

(42)

o dq _
@) =g =[p-(1-9)-a-y* ql-(1-q)

@) y=yhg(s-9y)

@) k=seyhEa-py-g
(46) &s%= oy g p
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The dynamics of the system are completely determined by § a and \TJ The time path of
N
the growth rate of production x can be calculated based on the dynamics of v, g and s:

AN

@) x=k%&'¢® = Xzawy+i+q =
N -1 p -1
X= oy (s = o) + oy a+ [ =(1-8) oy ] (1-0)

In the case of (a+y=1) both rates of return depend on s, q and on the intensity :
2
_a(-b)-(1-9-q"

)

2
Y 20 ) ¢ K
®1e% (1-b)-(1-9)-q-b-(1-q) ¥ ~*

The steady state under endogenous growth is characterised by a constant non-zero
growth rate of both stocks & and k, but by a constant intensity g and by constant
control ratios St and gg. A constant saving ratio leads to:

48) =0

alo—g?dby —2bag®+abg—-q3paby +g2paby -y 1= *hp+y *pbg+q3pby
~aq(-9?+qb-b+q®b)

Sst,1 =

Steady state constancy of the share of working time results in:

a-g-p-y ®
@) G0 sgp= o

From (23) it follows that:
50)  w=0. Sg3=¢y

Combining these three different results for sq; gives two different expressions for the

working time share in the steady state:
pry "

51) St 92=Set 3 =

(B1)  Sst2=Sst3"  Ost,1 = . (1-¢-y)

dby +ab-—¢by a—-yl %p+yl-2hp
-b(dy a-oy —a)

(52)  Sst,1=Sst2  Qgto=

The steady state intensity now can be calculated by solving the following problem:
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(53)  Ost,1=0st,2- wst=ez with Z as solution of:

—p(-e’bo-a+de?a) )_
ab(-1+de?)(dpeZa—del-a)’

Zo-Z-1In(

Local stability surrounding the steady state of the system, set up by g, a and \T/ can be
analysed by means of the characteristic roots of the coefficient matrix based on a first
order Taylor expansion around steady state. If 'sensible' parameter values are chosen
(e.g. excluding unbounded utility), the system shows one eigenvalue with a negative
(corresponding to the predetermined variable ) and two eigenvalues with a positive
real part (corresponding to both jump variables/controls). Thus we observe saddle path
stability, since a typical optimal control problem with infinite horizon is analysed.

4.4 A numerical example

As a numerical example, the parameters are chosen as ¢=1/10; b=1/2; p=1/10;
u=1/10, a=1/2 and y=1/2. Two alternative initial points on the saddle path, 50
percent below and above steady state intensity yg=4.2212 were calculated using the
time-elimination-method (see Barro & Sala-i-Martin, 1995, pp. 490 f.; the software
MAPLE was used for the simulation). The stable saddle path is depicted in Fig. 2 as a
trajectory in the (y,q,s)-space leading to the steady state point determined by g, gs; and

Sst-
Fig. 2: Stable saddle path
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Steady state: g =4.2212 ; s, =0.42212 ; g4 = 0.71106;
trajectory (A): y(t=0) = 2.1106 = s(t=0) =0.52986 and q(t=0) =0.73281,;
trajectory (B): y(t=0) = 6.3317 = s(t=0) = 0.34068 and q(t=0) = 0.69818 .

Fig. 3: Time paths of real capital intensity y, savings-ratio s, working time share q,
production growth, and of both net rates of return
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Steady state: Xg = Cgt = Kt = &g = 0.04609; r;=0.146

In Fig. 3 the dynamics are explicitly illustrated for the lower arm of the saddle path, i.e.
for trajectory (A), with a low initial intensity of y(t=0)=2.11. While s is declining from
about 0.53 to 0.42 and g from 0.733 to 0.711, the real capital intensity v even doubles
its initial value during transition. Consequently, the dynamics of the ratio y=(k/&)
dominates the dynamics of the entire system. As demonstrated by egs. (35" and (36"),
the marginal rate of return to both types of capital is determined by . For a lower
intensity the rate of return to (relatively scarce) real capital r, is high, while the rate of
return to experience re is lower. In the long run, a process of arbitrage is induced by
dynamically optimal consumption and working time decisions, leading to an 'interest
parity’ between both accumulated factors (with a common steady state rate of return,
rst=0.146). For the case of endogenous growth, this long run rate is higher than the
discounting of utility via time preference (p=1/10), so the incentives to accumulate
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factors by investing or by learning sustain. The dynamics of the control variables can be
explained based on both rates of return. Since ry is initially relatively high (due to a low
capital intensity ) it is profitable to save a higher portion of the income compared to
the steady state. With a high s the capital intensity rises, and so ry and s converge
towards their steady state levels. Because of the high rate of return to real capital, the
price of goods is high in the beginning (for a low y). As a response, in order to produce
more goods, the share of working time g exceeds the steady state level for a low .
However, since the return to experience ry is relatively low, this expansion is dampened.
So experience is accumulated slower than real capital, leading to an increasing intensity
y. Due to the high level of the saving ratio s and the working time q as a consequence of
the low real capital intensity y, we observe a high rate of output growth Q descending
towards its steady state rate Qst when the (increasing) intensity converges to its steady
state .

5. Conclusion

A macroeconomic one-sector growth model with real capital accumulation and learning-
by-doing based on overall production activity is presented. Accumulation of human
capital is measured by means of output aggregated over time, i.e. an experience curve
analogy is applied. Compared to the prevailing modelling technique of 'learning-by-
investment', separating the accumulation of experience from real capital accumulation
allows (a) an independent control of learning by working versus leisure time, and (b)
transitional dynamics can be explained by the relative size of both capital stocks.
Dynamic optimisation of the choice between consumption vs. investment and working
vs. leisure is performed simultaneously. Dependent on the sum of production elasticities
of both accumulated factors (o for real capital and y for experience), a situation with or
without endogenous growth may result. Due to the existence of a positive feedback
between real capital accumulation and learning, sustained endogenous growth occurs
even in situations with partially diminishing returns to real capital (for a<1), since the
explicit inclusion of experience means that both types of capital together show non-
diminishing returns (for a.+y=1). Remarkably, both explicitly separated accumulation
processes are based on an activity in the same sector: the production of goods.

The dynamics of leisure/working-time and saving, i.e. the accumulation of experience
and real capital, and consequently, of output are derived for situations without and with
endogenous growth. The long-run steady state behaviour as well as the transitional
dynamics are driven by the dynamics of the marginal rates of return to both kinds of
capital. However, both rates of return are determined by the relative size of both capital
stocks, i.e. by the ratio y of real capital to experience. The intensity y influences the
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whole dynamics of the economy. In the case of a relatively scarce real capital (compared
to experience), the partial marginal return to real capital is above the long run steady
state level, and thus, real capital accumulation is fostered until the steady state ratio is
reached. During the transition process, working (and producing goods for investment)
exceeds its long run level, since a high return to capital results in a high shadow price of
goods. Consequently, an economy which is — compared to production experience —
scarcely endowed with real capital will during transition show an output growth rate
which is above the long run steady state growth, due to a high saving ratio and due to a
long working time,. This represents the "Wirtschaftswunder" situation in Germany or in
Japan subsequent to the second world war. Furthermore, it may be an adequate
description of the situation of strongly growing countries where the establishment of
liberal goods and capital markets allows an optimal reaction of real capital accumulation
and working time (i.e. larger saving/investment ratios and a higher working time) as a
response to high rates of return to real capital. This may describe part of the exceptional
growth of the Asian countries.
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